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Note to the Reader

Set-theoretic notations. Throughout the book, we shall use standard set-
theoretic notations such as

U, N, ¢, C, €

to denote ‘union’, ‘intersection’, ‘subset of’, ‘proper subset of’; ‘belong(s) to’,
respectively. For sets 57 and Sy, the set {x € S; : © &€ Sy} is denoted by
S1\ Sa. If fis a function with domain S; and codomain Sy, then we use the
notation f :S; — S5, and it is also called a ‘map’ from S; to S3. For more on
set-theoretic notions, one may see the Appendiz.

Also, we use the standard notations such as

set of all positive integers
set of all integers

set of all rational numbers
set of all real numbers

set of all complex numbers
is defined by

for all

there exists or there exist
implies or imply

if and only if

lﬂﬂm<'ﬂ'@%©Nz

maps to

Attention! It is a well-known dictum that "mathematics cannot be learned
without paper and pencil in hand.” Of course, you may replace paper and pen-
cil with any corresponding modern gadget. The crux of the matter is that you
must work out the details yourself while learning mathematics.Both teachers
and students are urged to draw appropriate figures to represent abstract ideas
geometrically using specific examples.

Examples and exercises are integral parts of this course. Many of the ex-
amples are presented as statements that the reader must verify. Additionally,
many of the problems in Chapter 9 repeat examples and exercises from the
text; they are isolated at the end solely to reinforce the study material. Readers
are strongly urged to solve all problems in detail.
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Chapter 1

Topology: Motivation, Definitions and
Examples

In this chapter, we motivate the subject of topology through the notion of open
sets already known in the context of metric spaces, and provide many of the
basic definitions and illustrative examples.

1.1 Motivation

Many of the notions introduced in real analysis, in the setting of metric
spaces, can be expressed using the notion of open sets without the explicit
reference to the metric.

Let X be a metric space space and let G be the collection of all open sets in
X. Recall that, by an open set in a metric space X we mean a set A C X such
that for every z € X, there exists an open ball centered at x and contained in
X. Recall that an open ball centered at x € A is a set of the form

Ba(z,r) :={y € X : d(z,y) <r}

for some r > 0, where d is the metric on X. (The open ball By(z,r)is also
denoted by B(x,r) if the metric is understood from the context.)

Now, let us look at the following characterizations:

(1) A sequence (x,) in X converges to x € X iff for every A € G with x € A,
there exists ng € N such that z,, € A for all n > ng.

(2) If SC X and z € X, then x € X is a closure point of S iff every A € G
which contains x contains at least one element of S.

(3) If S C X and z € X, then x is a limit point (accumulation point) of S
iff every A € G which contains x contains at least one element of S other
than z.

(4) If Y is also a metric space (possibly different from X), then a function
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4 Topology: Motivation, Definitions and Examples

f X — Y is continuous at a point x € X iff for every open set V in
Y containing f(z), there exists an open U in X containing x such that
f)cv.

To warm up your memory, let us give proofs for the above four statements.

Proof of (1). Let (x,) be a sequence in X which converges to z € X. Let
A be an open set containing x. Then, by the definition of an open set, there
exists r > 0 such that By(x,r) C A, and by the definition of the convergence,
there exists ng € N such that d(z,,z) < r for all n > ng. Hence, z,, € By(x,r)
for all n > ng. Since By(z,7) C A, we obtain z,, € A for all n > ny.

Conversely, suppose that for every open set A containing x there exists
no € N such that z, € A for all n > ng. We prove that d(z,,z) — 0 as
n — oo. For this, let ¢ > 0 be an arbitrary number. Since By(z,¢) is an
open set, by hypothesis, there exists ng € N such that x, € By(z,e) for all
n > ng. That is, d(z,,x) < € for all n > N. This means that d(z,,z) — 0 as
n — oo. [l

Proof of (2). Let S C X and z € X. Suppose z is a closure point of S.
Then, for every open ball centered at z contains at least one point from S.
Now, let A be any open set containing z. Since A is open there exists an open
ball By(z,7) C A. Since By(x,r) contains at least one point from S, A also
contains at least one point from S.

Conversely, suppose that every open set A which contains = contains at
least one element of S. Then, in particular, every open ball centered at x
contains one element of S. [

Proof of (3). Proof of (3) is similar to the proof of (2). O

Proof of (4). Let Y be a metric space with a metric p and € X. Suppose
f X — Y be continuous at x. Now, let VV be an open set in Y containing f(z).
Then there exists an ¢ > 0 such that B,(f(x),e) C V. Since f is continuous
at x, there exists Then, we know that for every x € X, there exists § > 0 such
that
dz,u) <o = p(f(x), f(u)) <e,

that is
u € By(z,0) = f(u) € B,(f(x),¢).
Thus, taking U = By(z,6), we obtain f(U) C B,(f(z),e) C V.

Conversely, suppose that for every open set V in Y containing f(z), there
exists an open U in X containing x such that f(U) C V. Now, let ¢ > 0
be given, and let V = B,(f(x),e). Let U be an open set in X containing
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such that f(U) C V. Then there exists § > 0 such that By(z,d) C U. Since
f(U) C V, we see that u € U implies f(u) € V. In particular, u € By(z,9)
implies f(u) € B,(f(x),¢), that is,

d(z,u) <o = p(f(z), f(u)) <e.
This shows that f is continuous at x. [

We shall see that the following three properties of G are sufficient to study
many of the notions in metric space theory, and if we build a theory based
on these properties, then it also include many instances beyond the setting of
metric spaces as well.

1. e gGand Q€ g,
2. Union of any arbitrary collection of members of G is a member of G;

3. Intersection of any two members of G is a member of G.

Motivated by the above discussion, we introduce the notion of a collection
of open sets in an arbitrary set X, which is known as a topology' on X, which
essentially has only the above listed three properties.

1.2 Definitions and examples

Definition 1.1 (Topology) Let X be a set. Then a collection T of subsets
of X is called a topology on X if it has the following properties:

1. €T and X € T;
2. Union of any arbitrary collection of members of T is a member of T;

3. Intersection of any two members of 7 is a member of 7.

A set X together with a topology 7T on it is called a topological space, and
in that case, the pair (X, 7)) is also called a topological space. O

!The creater of the subject Topology can be considered as Riemann in the middle of nine-
teenth century, while he was working on theory of functions and their geometric properties.
The term topology was introduced by J.B.Listing (a student of Gauss) in 1847, but the term
became common only after Fréchet used it in his thesis. The subject was called Analysis
situs earlier.
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Definition 1.2 Let (X,7) be a topological space. Then, members of T are
called open sets in X, and a subset of X is said to be a closed set if its
complement in X is an open set in X. O

Ezxercise 1.3 Let (X,7T) be a topological space. Show that, if A, € T for
i =1,...n for some n € N, then ()_; A4; € 7. Deduce that finite union of
closed sets is closed. N

e If a subset of a topological space is not open, then it need not be closed,
and a set which is not closed need not be open.

Example 1.4 Let X be a nonempty set with atleast two elements, and let A
be a nonempty proper subset of X. Then

T={9,A X}

is a topology on X. Note that A is open, but not closed, and A° := X \ A is
closed but not open. O

Example 1.5 Let X be an arbitrary set and let 7 = {@, X'}. We note that
T is a topology on X. If X contains at least two elements, then we see that a
nonempty proper subset of X is neither open nor closed. O

Definition 1.6 For any set X, the family 7 = {&, X} of subsets of X is
called the indiscrete topology on X. O

In contrast to Example 1.4 and Example 1.5, we have the following exam-
ple, in which every subset is open as well as closed.

Example 1.7 Let X be an arbitrary set, and let 7 = 2%, the power set of X,
namely, the family of all subsets of X. Then we note that 7 is a topology on
X, and every subset of X is open and closed. %

Definition 1.8 For a set X, the topology 7 = 2%, the power set of X, namely,
the family of all subsets of X, is called the discrete topology on X. O

The next example is one of the most important class of examples of a
topological space.

Example 1.9 Let X be a metric space. We have already observed that the
collection of all open subsets of a metric space satisfies the requirements for
a topology. Thus, every metric space is a topological space with the topology
consisting of all open subsets of X. O
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Definition 1.10 (Metrizable space) A topological space (X, T) is called
metrizable if there exists a metric d on X such that 7 is nothing but the

set of all open sets with respect to the metric d, and this topology is often
denoted by Ty. O

Ezxercise 1.11 Let (X,d) be a metric space. Show that a subset A of X is
open iff A is a union of open balls in X. <

Ezxercise 1.12 Show that the a topology on a nonempty set X is the discrete
topology iff every singleton subset of X is open and, in that case, the topology
is induced by the discrete metric on X, namely, the metric d defined by

] 0 ifz=uy,
d(%y)_{l if v #v. <

FExercise 1.13 Show that the indiscrete topology on a nonempty set X is
induced by a metric iff X is singleton, and in that case this topology is the
discrete topology. <

Recall that if X is a subset of R¥ or C*, then d defined by

d(a,y) = /o — g2+ (on — )?

for . = (x1,...,z) and y = (y1,...,yx) in X is a metric on X, and it called
the usual metric on X. Note that for k =1,

d(z,y) = |z —yl.

Definition 1.14 On a subset of R¥ (respectively, C¥), the topology induced
by the usual metric is called the usual topology on R* (respectively, C¥). ¢

e Every finite subset of R* (respectively, C¥) is closed with respect to the
usual topology.

Remark 1.15 We have already noted that a set which is not open need not be
closed; a set which is not closed need not be open; a set can be both open and
closed. For instance, let R be with the usual topology. Then [0, 1) is neither
open nor closed, and the sets @ and R are both open and closed. In fact, with
respect to the usual topology on R, there is no other set which is both open
and closed. Did you observe this in your real analysis class? O

We may also recall that two metrics, d and p, on a set X are said to be
equivalent metrics, if there exist ¢, co > 0 such that

cid(r,y) < p(r,y) < cd(z,y) Va,ye X.
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Theorem 1.16 The topologies on set X induced by any two equivalent metrics
are the same.

Proof. Suppose d and p are equivalent metrics on X. We have to show
that 73 = 7,. So, let A € 74. Let € A. Then there exists 7 > 0 such that
By(x,r) C A; that is,

ye X, dx,y) <r = yecA
Note that, for y € X,
ple,y) <car = d(z,y)<r.

Thus, we obtain

B,(x,c1m) C By(x, 7).
In particular, B,(x,c;r) C A. This shows that A € 7,. Thus, we have proved
that 7; C 7,. Analogously, it can be shown that 7, C 7;. [

Ezxercise 1.17 Consider the metrics dy, dy, ds on any subset X of R? defined
by

di(z,y) = |x1—wy|+ |z — vl
do(z,y) = (lz1 — | + |22 — o)
doo(xvy) = maX{|x1—y1|,|x2—y2|},

1/2
Y

respectivlely, for z,y € X. Show that the topologies induced by dy, ds, ds are
the same. g

Ezxercise 1.18 Let X be a nonempty set and let d and p be metrics on X.
Suppose that for every x € X and for every r > 0, there exists s > 0 satisfying
B,(z,s) C By(z,r). Show that 7; is weaker than 7,. N

Before advancing further, and having defined the notion of an open set, we
can very well consider the following as the definitions of convergence, closure
point, limit point and continuity in the context of a topological space X.

e A sequence (z,) in X converges to x € X iff for every A € G with x € A,
there exists ng € N such that z,, € A for all n > ny.

o [f S C X, then z € X is a closure point of S iff every A € G which
contains x contains at least one element of S.

e If S C X, then z € X is a limit point (accumulation point) of S iff every
A € G which contains z contains at least one element of S other than z.
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e If Y also a metric space (possibly different from X), then a function
f: X = Y is continuous iff for every open set A in Y, f71(A) is open
in X.

We shall consider the above notions formally in the due course.

Ezxercise 1.19 Let X be a topological space and A C X. Show that A is open
in X iff for every x € A, there exists an open set G such that z € G C A. <«

Definition 1.20 (Neigbourhood) Given a topological space X and a point
x € X, any open set containing x € X is called an open neighbourhood
of x. Any set A C X which contains an open neighbourhood of z is called a
neighbourhood of z. O

Remark 1.21 In some books on topology, neighbourhood of a point z € X is
defined to be any set A C X which contains an open set containing . To avoid
confusion among readers, we shall use the nomenclature “open neighbourhood”
of a point for an open set containing that point. O

Remark 1.22 Let X be a set and S be a family of subsets of X, i.e, S C 2%.

S is said to be closed under finite unions if for any finite number of
members of S, say Ay,..., A, €S, U, 4 € S.

S is said to be closed under finite intersections if for any finite number
of members of S, say Ay,..., 4, €S, ., 4 €S.

S is said to be closed under arbitrary unions if for any sub-collection of
S,say AC S, we have (J o4, A€S.

S is said to be closed under arbitrary intersections if for any subcollection
of S, say AC S, we have (),.4AE€S.

In the above,

o x|y oA iff there exists A € A such that z € A;

o vy Aiff v € Aforall Ac A O

Thus, we see that, if (X,7) is a topological space, then T is closed under
arbitrary unions and finite intersections, and we also have the following result,
which can be proved using the definition of the topology.

Results in the following theorem can be verified easily.
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Theorem 1.23 Let (X, T) be a topological space and C be the collection of all
closed sets in X. Then

(i) @ and X are members of C;
(ii) Union of any finite number of members of C is a member of C.
(iii) Intersection of any collection of members of C is a member of C;

Ezxercise 1.24 Write the details of the proof of the above theorem. <

Notation: Given a set X, if A is a collection of subsets of X, then we may
denote such a collection also by {A C X : A € A}. Thus, it is of the form
{A, C X : a € A}, where A = A, by identifying A, with A for a = A. Thus,
an arbitrary collection of subsets of X can always be written as

{A. C X :a €A}

for some set A, which is called an indez set. Thus, if A ={A4, C X : a € A},
then the union of all members of A, written as [J,c4 A or JA is J,cp Aas

that is,
A=A

AcA a€EA

Similarly, the intersection of all members of A, written as (7,4 A or (A is

Naca Aa, that is,

A=) A4

AcA a€cl
If A is a finite set, then we may write it as {Ay, ..., A, }or {A; ;i € {1,...,n}}
for some n € N, and if A is a countably infinite set, then it can be written as
{A1, Ay, ...} or {4, : n € N}. See also the Appendix.

Note that, if T is any topology on a set X, and if 7y and 77 are the indiscrete
topology and discrete topology, respectively, on X, then

ToCT CTh.

Definition 1.25 Let 77 and 75 be topologies on a set X. Then, 77 is said to
be weaker than 75 if 7; C 75, and in that case, 75 is said to be stronger than
T1. If 7 is a proper sub-collection of 75, then 77 is said to be strictly weaker
than 75, and in that case 75 is said to be strictly stronger than 7;. O

e On a set X, indiscrete topology is the weakest topology and discrete
topology is the strongest topology; both coincide if X is a singleton set.
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Let us give a few more standard examples which may be of use in the due
course.

Example 1.26 Let X be any set.

(i) Let 7 consist of @ and all those subsets of X such that A¢ is finite.
Then 7T is a topology on X, called the co-finite topology on X.

(ii) Let T consist of @ and all those subsets A of X such that A€ is
countable. Then 7T is a topology on X, called the co-countable topology on
X. O

e On a finite set, co-finite topology and co-countable topology are the
same. In general, co-finite topology is weaker than co-countable topology;
strictly weaker if the underlying set is infinite.

e On R*, co-finite topology is weaker than the usual topology.
e On R*, co-countable topology and usual topology are not comparable.

Ezxercise 1.27 Verify the above statements. <

Ezxercise 1.28 Show that the co-finite topology on a nonempty set X is in-
duced by a metric iff X is a finite set, and in that case this topology is the
discrete topology. <

Ezxercise 1.29 Show that the co-countable topology on a nonempty set X is
induced by a metric iff X is a countable set, and in that case this topology is
the discrete topology. <

Example 1.30 Let 7 be the collection of all subsets of R such that A € T
iff for every x € A, there exists r > 0 such that [x,z +r) C A. Then T is a
topology on R, called the lower limit topology on R. O

Notation: In the due course, we shall use the notation R, for R with lower
limit topology.

Example 1.31 Let 7 be the collection of all subsets of R such that A € T
iff for every x € A, there exists r > 0 such that (z —r,z] C A. Then T is a
topology on R, called the upper limit topology on R. O

Remark 1.32 We observe that every open interval in R is open with respect
to the lower limit topology and upper limit topology. Using this fact, it can be
seen that the usual topology on R is weaker than both lower limit topology and
upper limit topology. However, lower limit topology and upper limit topology
are not comparable. O
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Ezxercise 1.33 Verify the assertions in the above remark. <

Example 1.34 Let T := {(a,00) : a € R} U{@,R}. Then T is a topology on
R: To see this, note that {&, R} C T and for every a,b € R,

a<b = (a,00)N(b,o0)=(a,00)€T.

Now consider a collection of sets from 7, which is of the form {(a,o0) : a € S}
for some S C R. Then

U(a,oo) = (ap,0) € T,

a€esS

where ag := inf S, which is either in R or it is —oco. Clearly, T is weaker than
the usual topology on R. O

Theorem 1.35 If T, and Ty are topologies on a set X, then Ty NIy is also a
topology on X, which is weaker than Ty and Ty. More generally, let {7, : o €
A} be a family of all topologies on a set X. Then (),cp Ta is a topology on X
which is weaker than 7T, for every a € A.

Proof. Let 7 := (1,c5 Ta- Since each 7, contains @ and X, 7 contains
@ and X. Now, let A,B € T. Then A € T, and B € 7, for every a € A.
Hence, AN B € 7T, for every a € A, and hence AN B € T. Next, let A be a
sub-collection of 7. Then A is a sub-collection of T, for every a € A. Hence,
union of members of A belongs to 7, for every @ € A. Therefore, union of
members of A belongs to 7. Thus, T is a topology on X. Clearly, T is weaker
than 7, for each a € A. O

We know that an arbitrary collection & of subsets of a set X need not be
a topology on X. However, there is a smallest topology on X containing S, a
the following theorem shows.

Theorem 1.36 Let S be a collection of subsets of X. Then the intersection
of all topologies on X containing S is a topology on X, and it is the weakest
topology containing S.

Proof. By Theorem 1.35, if T is the intersection of all topologies contain-
ing S, then T is a topology on X such that & C 7. If T is any topology
containing S, then 7 C T, so that T is the weakest topology on X containing
the collection S. [

Definition 1.37 Let S be a collection of subsets of X. The weakest topology
on X containing S is called the topology generated by S. %
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Example 1.38 The usual topology on R is generated by the following collec-
tion of sets:

(i) The collection of all open intervals of the form (a,b) with a < b.

(ii) The collection of all open intervals of the form (a,00) and (—o0, b).

The result in (i) follows, because every open set is a union of intervals of
the form (a,b), and (ii) follows from (i), since for a < b, we have (a,b) =
<_OO7 b) N (CL, OO)v <>

Example 1.39 Let S be the collection of all intervals of the form [a, b) with
a < b. Then the topology generated by § is the lower limit topology on R. ¢






Chapter 2

Basic Notions and Properties

In this chapter, we extend the foundational concept of convergence from met-
ric spaces to the more general setting of topological spaces. Additionally, we
introduce the notion of a base for a topology. Acting as the fundamental build-
ing blocks of a topological space, a base is the direct analogue to the family
of all open balls in a metric space, allowing us to generate complex topologies
from simpler, foundational collections of open sets.

2.1 Convergence

Definition 2.1 (Convergence in topological space) Let (X, T) be a topo-
logical space. A sequence (z,) in X is said to converge to x € X if for every
open set G containing x, there exists ng € N such that z,, € G for all n > ny.
If (x,) converges to x, then we write

T, —x or lim x, =ux,
n—o0

and in that case x is called a limit of (x,,). O

If X is a metric space with metric d, then for a given sequence (x,) in X,
x, — x with respect to Ty iff d(z,,z) — 0

e In a metric space, every convergent sequence has a unique limit. However,
this need not be true in every topological space, as the following example
shows.

Example 2.2 In an indiscrete topological space X, every sequence converges
to every point in X, as X is the only nonempty open set. In particular, if X
contains more than one point, then every sequence in X has more than one
limit. O

15
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Ezxercise 2.3 In a discrete topological space every convergent sequence is
eventually constant. <

Example 2.4 Let X be a family of real valued functions defined on an interval
I :=[a,b]. (For example X = C([a,b],R).) Let tg € [a,b] and for f € X and
r >0, let

E.(f) :={g € X :]g(to) — flto)| <r}.

Let 7 be a class of subsets of X such that A € T iff for every f € A, there
exists r > 0 such F,(f) C A. Then, T is a topology on X. We note that, if
(fn) is a sequence in X and f € X, then with respect to this topology,

In particular, if (f,) is in X such that (f,(tp)) converges, and if a := f,,(¢o),
then (f,,) converges to any function g € X for which ¢(¢y) = a.. Thus, the limit
function f is not unique. O

One of the properties that a topological space may have which ensures
unique limit for convergent sequences is Hausdorff property.

Definition 2.5 (Hausdorff space) A topological space X is said to be a
Hausdorff' space if for every pair of distinct points x,y in X, there exist
disjoint open sets A and B containing x and y, respectively. O

e Every metrizable space is Hausdorff.

Theorem 2.6 In a Hausdorff space, every convergent sequence has a unique
limit.

Proof. Let X be a Hausdorff space and (z,,) be a convergent sequence in
X. Suppose z,y € X such that x, — = and z, — y. We have to show that
x=y.

Assume, on the contrary, that x # y. Then by the Hausdorff property,
there exist disjoint open sets A and B such that + € A and y € B. Since
rn, — x and x,, — y, there exist ny € N and ny, € N such that

T, €A Vn>n, and z,€ B Vn>ns.

Then we have
r, € ANB VYn >mng:=max{n,ny}.

This is not possible, since A and B are disjoint. Hence, our assumption that
x # y is wrong. Thus, we have proved that x =y. [

1Felix Hausdorff (1868-1942) was a mathematician from Germany.
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e The topological space in Example 2.4 is not Hausdorff.

Example 2.7 Let X be a set. The following can be verified easily (Verify!):

1. The indiscrete topology on X is Hausdorff iff #(X) < 1, and in that
case the topology is the discrete topology.

2. The co-finite topology on X is Hausdorff iff X is a finite set, and in that
case the topology is the discrete topology.

3. The co-countable topology on X is Hausdorff iff X is a countable set,
and in that case the topology is the discrete topology. O

Example 2.8 The lower limit topology and the upper limit topology on R are
Hausdorff: First consider Ry, the set R with lower limit topology. Let x,y € R,
with = # y. Taking r = |z — y|/2, we see that the open sets A := [z,z + 1)
and B := [y,y + r) disjoint open sets in R, containing = and y, respectively.
Thus, we have shown that R, is a Hausdorff space. Similarly, it can be shown
that R with upper limit topology is also Hausdorff. O

Remark 2.9 We have seen in Example 2.8 that the lower limit topology and
the upper limit topology on R are Hausdorff. However, they are not metrizable.
We shall prove this fact in the next chapter (see Theorem 3.9). O

Example 2.10 For z = (2, 75) and y = (y1,y2) in R?, define
p(xay)zlxl_yl|7 xvyeRQ'
Note that, p(-,-) is a pseudo metric?. For x € X and r > 0, let

B,(z) == {u € R*: p(z,u) < p}.

Then

T :={ACR?:Vz € R’ 3r > 0 such that B,(r) C A}
is a topology on R?, which is not Hausdorff. O
Ezercise 2.11 Verify the assertions in Example 2.10. <

Exercise 2.12 Show that the topology on R? defined as in Example 2.10 is
weaker than the usual topology on R2. <

2A function p: X x X — R is said to be a semi-metric or pseudo-metric if it satisfies all
the properties of a metric, except that p(z,y) = 0 need not imply x = y.
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e We have seen that Hausdorff property is a sufficient condition for unique
limit for every convergent sequence. However, it is not a necessary con-
dition, as the following theorem shows.

Theorem 2.13 Fvery convergent sequence in a co-countable topological space
15 eventually constant.

Proof. Let X be a co-countable topological space. If X is a countable set,
then co-countable topology on X is the discrete topology, and hence every
convergent sequence in X is eventually constant. So, assume that X is an
uncountable set. Let (z,,) in X be such that z,, — x. Let A := {x,, : x,, # x}.
Since A is countable, A€ is an uncountable open set containing x. Hence, there
exists k € N such that x,, € A for all n > k. Thus, z, =z for alln > k. [

e Every convergent sequence in a co-countable topological space has a
unique limit.

A convergent sequence in a co-finite topological space need not be eventu-
ally constant, as the following example shows.

Example 2.14 Let X = {0} U {+ : n € N} with co-finite topology. Consider
the sequence (1/n). Let G be an open subset of X containing 0. Then X \ G
is a finite set. Hence, there exists & € N such that % € G for all n > k. Hence,
% — 0. This shows that, a convergent sequence in a co-finite topological space
need not be eventually constant. O

e Suppose 7; and 75 are topologies on a set X such that 7; is weaker than
T5. Then every sequence in X, which converges with respect to Ty is
convergent with respect to 77, and the converse need not be true.

The following example illustrates the second part of the assertion in the
above example using the usual topology and lower topology on R.

Example 2.15 Let X = Ry, that is R with lower limit topology. Recall from
Remark 1.32 that the usual topology on R is weaker than the lower limit
topology. We observe that, for a sequence (z,) in X, z, — x iff for every
g > 0, there exists N € N such that

T, € [x,x+¢e) Vn>N.

Consider the sequences (1/n) and (—1/n) in R. Each of these sequences con-
verge to 0 with respect to the usual topology, and (1/n) converges to 0 in R,.
However,

1
—= Ao
n
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Further, (z,) := (—1/n) does not converge to any point in R,: To see this,
let z € Ry. If x > 0, then the open set [x,z + 1) in R, does not contain
any members of the sequence, so that z,, /4 = in R,. Also, if z < 0, taking
0 < & < |z|, the open set [z, x+4¢) can contain only a finite number of members
of the sequence, so that z,, /A x in R,. O

Example 2.16 Let 7 be the topology on R defined as in Example 1.34. We
have seen that this topology is weaker than the usual topology. Thus, every
sequence which converges with respect to the usual topology converges with
respect to 7 as well. We note that:

If (x,) is any sequence of real numbers which is bounded below
and if x > xy, where g = inf, x,,, then x,, — = with respect to T.

Indeed, if G is any open set containing x, then G is of the form G = (a, 00)
for some a < x so that x,, € G for all n € N.

If (z,,) is any increasing sequence of real numbers and x € R and
k € N such that x € [z1,z;], then x, — = with respect to T .

Indeed, if G is any open set containing x, then G is of the form G = (a, c0)
for some a € R, and hence z,, € G for all n > k. O

2.2 Limit points, closure, interior and boundary
Definition 2.17 Let (X, 7) be a topological space and A C X.

1. A point x € X is said to be a limit point of A if every open set
containing x contains at least one point of A other than x. The set of all
limit points of A is called the derived set of A, and it is denoted by A’.

2. A point x € X is said to be an interior point of A if there exists an
open set containing x and contained in A. The set of all interior points
of A is called the interior of A, and it is denoted by A° or int(A).

3. A point x € X is said to be a closure point of A if every open set
containing = contains some point of A. The set of all closure points of A
called the closure of A, and it is denoted by A or cl (A).

4. A point x € X issaid to be a boundary point of A if open set containing
x contains some point of A and some point of A¢. The set of all boundary
points of A is called the boundary of A, and it is denoted by 0A or
bd(A).
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5. A subset D of X is said to be dense in X if ¢l (D) = X. O
Theorem 2.18 Let A be a subset of a topological space X. Then
A CACA=AUA =AUIJA = A°UDA.

Proof. It can be easily seen that
A°CACA=AUA = AUOIA.

To see A = A° U DA, first we observe that A°UJA C A. To see the other way
inclusion, let € A. Then, every open set G containing = contains some some
point of A. If G does not contain any point of A¢, then G C A so that x € A°.
Thus, we have proved that if z € 0A, then x € A°. in other words, we have
proved that A C A°UOA. O

If A is a subset of a topological space X, then

A = A iff A contains all its limit points
iff A contains all its boundary points.

The reader is urged to verify the assertions in the following three examples.

Example 2.19 Let R be with usual topology. Then we have the following:

1. If A= (0,1], then 4° = (0,1), A=10,1], A’ =]0,1], 84 ={0,1}.
2. If Ae{Q,Q}, then A° =@, A=R, A' =R, 9A=R.
3. Ac{N,Z}, then A° =2, A=A A=, 0A=0. O

Example 2.20 Let R? be with usual topology.
(i) Let S be the unit circle, that is,
S = {(z1,20) € R*: 23 + 25 = 1}.

Then we have
=@, S=S5 S8=S5 0S=5.

(ii) Let A be the open unit unit disc, and B be the closed unit disc, that
is,
A={(z,m) €eR?:2? + 22 <1}, B={(r,12) €R?: 2} + 22 <1}.
Then (Verify), we have
A
B

o
o

B, A'=B, 0A=S,

A,
A B B'=B, 9B=S5. 0
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Example 2.21 Let R be with co-countable topology. Note that, with respect
to this topology, any open subset has to be an uncountable set, and every
countable set is closed. Hence,

Q=0Q Q=g Q@=R (@Q)=0Q" Y

Example 2.22 Let X = {a,b,c} and T = {@, X, {a}}. Then

1. f A={a}, then A°=A, A=X, A ={b,c}.

2. If A= {b}, then A° =02, A={bc}, A ={c}.

3. If A={c}, then A° =2, A={bc}, A =/{b}.

4. If A= {a,b}, then A°={a}, A=X, A ={bc}.

5. If A= {a,c}, then A°={a}, A=X, A ={b,c}.

6. If A={b,c}, then A°=02, A=A=A. O

Ezxercise 2.23 Verify the assertions in the above three examples. <

Theorem 2.24 Let X be a topological space, and A and B be subsets of X
such that A C B. Then
A° C B°, ACB.

Proof. Suppose x € A°. Then there exists an open set G such that x €
G C A. Since A C B, this shows that x € B°. Thus, A° C B°.

Next, suppose « € A. Then, for every open set G containing z, GNA # &,
so that we also have G N B # &, showing that x € B. Thus, A C B. [

Theorem 2.25 Let X be a topological space and A C X.

1) A is a closed set.

2

A° is an open set.

3) A is a closed set iff A = A.

(
(
(
(4) A is open iff A° = A.

)
)
)
)

Proof. (1). To show that (A)¢ is an open set. If A = X, then its compli-
ment is &, which is an open set. So, assume that X # X. Let x € (A)¢, that
is, z is not a closure point of A. Then there exists an open set GG, containing z,
which does not contain any point of A. Also, if y € G, then y € A, since the
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open set G, containing y does not contain any point of A. Thus, G,N A = @,

so that G, C (A)°. Therefore,

Hence, (A)¢ is an open set.

(2). Let x € A°. Then there exists an open set G, containing x such that
G, C A. This also implies that G, C A°, since for every y € G, GG, is an open
set containing y and contained in A. Hence,

A° C UGng".

reA°

Thus, A° is an open set.

(3). By (1), if A = A, then A is a closed set. Conversely, suppose that A
is a closed set. We have to prove that A = A. Since A C A, it is enough to
prove that A C A. That is, to prove that + ¢ A = = ¢ A. Suppose = &€ A,
that is, x € A°. Thus, A¢ is an open set containing x which does not contain
any point of A. Hence, z & A.

(4). By (2), if A° = A, then A is an open set. Conversely, suppose that A
is an open set. We have to prove that A° = A. Since A° C A, it is enough to
prove A C A°. Let x € A. Since A is an pen set containing = and contained in
A, z is an interior point of A. Thus, A C A°. [

Theorem 2.26 Let X be a topological space A C X. The following results
hold.

(1) A is open iff A does not contain any of its boundary points.
(2) A° is the largest open set contained in A.

(3) A is the smallest closed set containing A.

Proof. (1) It is enough to show that A is not open iff A contains a bound-
ary point of A. First we recall that A is open iff A = A°.

Suppose that A is not open. Then there exists x € A\ A°, which implies
that every open neighbourhood of x contains some point from A¢. This shows
that = is a boundary point of A.

Conversely, suppose A contains a boundary point x of A. Then every open
neighbourhood of x contains a point from A€ so that x € A° = A, so that A
is not open.

(2) We know that A° is an open set. Suppose G is an open set such that
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G C A. Then we have G = G° C A°. Thus, A° is the largest open set contained
in A.

(3) We know that 7[1 is a closed set. Suppose [’ is a closed set such that
A C F. Then we have A C F' = F. Thus, A is the smallest closed set containing
A O

Ezxercise 2.27 If X is with discrete topology, then for any A C X, A° = A =
A. <

Definition 2.28 (Isolated point) Let X be a topological space and A C X.
A point x € A is called an isolated point if it is not a limit point of A.  {

Theorem 2.29 Let X be a topological space and A C X. Then a point x € A
is an isolated point of A iff the singleton set {x} is open in A.

Proof. We observe that = € A is an isolated point of A iff there exists an
open set V' in X which does not conain any other point of A iff there exists
an open set V in X such that VN A = {z} iff {z} is open is openin A O

Corollary 2.30 Let X be a topological space. Then every point in X is an
1solated point iff X is a discrete space.

e Let X be a topological space and A C X. If (z,) is sequence in A
consisting of distinct points which converges to x € X, then x is limit
point of A. However, a limit point of A need not be a limit of any sequence
in A, as the following example shows.

Example 2.31 Let R be with co-countable topology. Then every rational
number is a limit point of R\ Q. However, in view of Theorem 2.13, a sequence
in R\ Q cannot converge to any rational number. O

Theorem 2.32 Suppose X is a Hausdorff space and A C X. Then a point
x € X 1s a limit point of A iff every open neighbourhood of x contains infinite
number of elements from A.

Proof. Suppose © € A’. Assume for a moment that there exist an open
neighbourhood G of x such that GN A contains only finite number of members.
Since x € A’, we know that G N (A \ {z}) # &. Suppose

GN(A\{z}) ={x1,..., 2}

for some n € N. Since X is Hausdorff, for each i € {1,...,n}, there exist
disjoint open sets U; abd V; such that x € U; and x; € V;. Let U := ﬂ?zl U,.
Then we have

reUNG, {z,...,z,}NU =29,



24 Basic Notions and Properties

so that U N (G N (A\ {z}) = @. This is a contradiction to the fact that the
open set U N G must contain some point from A\ {z}.

The converse is obvious from the definition of a limit point. [

Definition 2.33 (Nowhere dense) Let X be a topological space and A C X.

Then A is said to be nowhere dense in X if (A)° = . O

Example 2.34 Let X = R with usual topology. Then Z is nowhere dense
in X since Z is closed in X and Z° = &, and Q is not nowhere dense since

(A =R # 2. 0

Theorem 2.35 Let X be a topological space and A be a closed set in X. Then
A is nowhere dense in X iff A€ is dense in X.

Proof. We observe that A is nowhere dense in X iff A° = @ iff A does
not contain any nonempty open set iff every nonempty open set contains some
point from A€ iff A¢is dense in X. [

Remark 2.36 In Theorem 2.35, the condition that A is closed cannot be
dropped. To see this, consider X = R with usual topology and A = Q. Then

we know that A° =R\ Q dense, but (4)°=R° =R. O

2.3 Subspace topology

Let (X, T) be a topological space and Y C X. Then the topology 7 induces
a topology on Y in a natural way as per the following theorem.

Theorem 2.37 Let (X, T) be a topological space, and' Y C X. Then
Ty ={GNY: :GeT}
15 a topology on Y .

Proof. Clearly @ € Ty. Since € 7, Y = X NY € Ty. Let Ay, Ay € Ty.
Then there exist G1, Gy € T such that

AlzGle, AQZGQOY

so that
AlﬂAQZ (GlﬂGg)ﬂYGE.
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Next, suppose {A, : « € A} C Ty. Then, for each a € A, there exists G, € T
such that A, = G, NY. Hence,

U4.=(UG)nyen.
a€A a€A

Thus, we have proved that 7y is a topology on Y. [

Definition 2.38 (Subspace topology) The topology 7y obtained in The-
orem 2.37 is called the subspace topology on Y or the topology on Y
induced by 7. O

Convention: When we say that a subset A of Y is open in Y, it means that
it is open with respect to the subspace topology on Y.

e Let X be a topological space and A CY C X. If A is open in Y, then
A need not be open in X.

Example 2.39 Let R be with usual topology .
(i) let Y =[0,1]. Then [0,1/2) is open in Y, but [0,1/2) is not open in R.

(ii) Let Y = Z. Then Ty is the discrete topology on Z, since for every
n € Z, we have {n} = ZN (n — 1,n+ 3), so that every subset of Y is open in
Y. Note that, @ is the only subset of Y which is open in X. O

However, if Y C X is open in X, then every open set in Y is open in X.
In fact, we have the following theorem.

Theorem 2.40 Let X be a topological space and Y C X. Then,
Ty CT < Y eT,

and in that case Ty = {ACY : A€ T}. In other words, every open set in'Y
is open in X iff Y is open in X.

Proof. Suppose 7y C T. Since Y € Ty, we obtain Y € 7. Conversely,
suppose Y € T.If A € Ty, then A = GNY for some G € T; and since Y € T,
we obtain A=GNY € T. Thus, vy CT. O

e Let X be a topological space and Y C X. By Theorem 2.40, every open
set in Y is open in X iff YV is open in X.

e An open set in Y can be open in X, without Y being open in X, as the
following example shows.
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Example 2.41 Let X = R be with usual topology and Y = [0,1] be with
subspace topology. Then the set A := (0,1) is open in Y and X, though Y is
not open in X. O

In fact, we have the following theorem.

Theorem 2.42 Let (X, T) be a topological space, and Y C X. Then
{ACY :AeT}CTy.
Further, equality holds above iff Y 1is open in X, that is,
{ACY:AeT}=T << YeT.

In particular, if Y is open in X, then a subset of Y is open in'Y iff it is open
in X.

Proof. If ACY and A € T, then, since A= ANG with G =A € T, so
that A € Ty. Thus, we obtain {ACY :Ae T} C Ty.

Next, suppose that {A CY : A€ T} =Ty. Then, Y € T since Y € Ty.
Conversely, suppose that Y € T and A € Ty. Then since A =Y NG for some
G € T, we obtain A € T. Hence, we have Ty C {A C Y : A € T}. Since we
already have {ACY : Ae T} C Ty, weobtain {ACY :AeT}="Ty. O

Ezxercise 2.43 Let X be a topological space, Y isopenin X and A CY C X.
Show that A is open in Y iff A is open X. <

Remark 2.44 Let (X, 7)) be a topological space and Y C X. It can be easily
seen that

Ty ={YIU{ACY :AecT}H

is a topology on Y. By Theorem 2.42, we know that this topology is weaker
than 7y. It can be too weak! For example, let X = R with usual topology and
Y = Q. In _this case we know that the only subset of Q which is open in R is
@. Thus, Ty = {9, Q}, the indiscrete topology on Q, whereas Ty contains all
sets of the form G N Q where G is open in R. O

Theorem 2.45 Let X be a topological space, Y be a closed subset of X and
ACY. Then A is closed in'Y iff A is closed in X.

Proof. Suppose Y is closed in X and A is closed in Y. We observe that

X\A=(X\Y)U(Y\A).
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Since Y\ A is open in Y, there exists an open set G in X such that Y\ A = YNG.
Hence,

X\A=(X\Y)U(YNG) =YU{YNG) ={uy)nY°nG) =Y°nAaG.
Thus, X \ A is open in X.
Conversely, suppose Y is closed in X and A C Y is closed in X. Since

Y\ A=Y nN A where A is open in X, we obtain that Y\ A is open in Y,
so that A is closed in Y. [

Theorem 2.46 Let X be a topological space and Y C X. Let Cx and Cy
denote the set of all closed sets in X and Y, respectively. Then,

CY - CX — Y ¢ Cx.
In other words, every closed set in'Y s closed in X iff Y is closed in X.

Proof. Suppose Cy C Cx. Since Y € Cy, we obtain Y € Cx. Conversely,
suppose Y € Cy. Then, by Theorem 2.45, we obtain Cy C Cx. [

Finally we also note the following.

Theorem 2.47 Let X be a topological space andY C X. Let ACY. Then A
is closed in'Y iff there exists a closed set F' in X such that A= FNY.

Proof. Suppose A is closed in Y. Then, Y\ A is open in Y so that Y\ A =
G NY for some open set GG in X. Note that

Y\A=GNY << (YNA)=GUY° <= YUA=GUY"

Intersecting with Y, we obtain A = Y N G¢, where G¢ is closed in X. Thus,
there exists a closed set F in X such that A=FNY.

Conversely, suppose that there exists a closed set F' in X such that A =
FNY. To show that A is closed in Y. Note that

Y\NA=Y\FNY =YN(FNY)=YN(FUY)=YnF

Thus, Y\ AisopeninY. O

2.4 Base and sub-base

Bases are, in some sense, the building blocks for topological spaces. Recall
that, in a metric space X, a subset A of X is open iff for every x € A, there
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exists an open ball centered at x and contained in A. This is equivalent to
saying that, every open set is a union of open balls. Motivated by this, we
define the notion of a base for a topology.

Definition 2.48 (Base) Let (X, 7) be a topological space and B be a sub-
collection of 7. Then B is called a base or basis for T if every member of T
is a union of some (countable or uncountable) members of B. O

Here is a very useful characterization of a base.

Theorem 2.49 Let (X, T) be a topological space and let B be a sub-collection
of T. Then B is a base for T iff for every G € T and for every x € G, there
erists B € B such that x € B C (.

Proof. Suppose B is a base for 7 and G € T. Then there exists {B, : a €
A} C B for some index set A such that G = ., Ba- Hence, for every x € G,
there exists o € A such that x € B, C G.

Conversely, G € T and that for every x € G, there exists B, € B such that
r € B, € G. Then we ee that G = ., B.. [

acA

e For every topological space, the the topology itself is a base for the
topology.

Example 2.50 Consider the set R.

(1) Let B be the collection of all open intervals of the form (a, b) with a < b.
Then B is a base for the usual topology on R.

(2) Let B be the collection of all intervals of the form [a,b) with a < b.
Then B is a base for the lower limit topology on R.

(3) Let B be the collection of all intervals of the form (a,b] with a < b.
Then B is a base for the lower limit topology on R. O

Example 2.51 If X is a metric space with metric d, then the collection of all
open balls in X is a base for 7.

If X is a discrete topological space then the singleton sets are open balls
and the set of all singleton sets is a base for the topology. O

Example 2.52 If X is an indiscrete topological space then {X} and {@&, X'}
are the only bases for the topology. O

Theorem 2.53 Suppose B is a base for topologies Ty and Ty on a set X. Then
Ti=Ta.
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Proof. Let A € 7;. Then A is a union of members of B. Since B C 7, as
well, it follows that A € T5. Thus, 77 C 7T5. Similarly, 7o € 7. O

Suppose X is a set. Then a given collection of subsets of X need not form
a base for some topology on X. However, we have the following two theorems.

Theorem 2.54 Let X be a set and B be a family of subsets of X such that
B covers X and B is closed under finite intersections. Then B is a base for a
(unique) topology on X .

Proof. Let T be the family of all unions of members of B together with the
empty set. Then, 7T is a topology for which B is a base. Further, by Theorem
2.53, this is the only topology for which B is a base. [

Recall that, if (X, d) is a metric space and B := {B(z,r) : v € X, r > 0},
then the metric topology on X is

Ti:={ACQ:Vaze A IB € Bsuch that z € B C A}.

Motivated by this, for any set X and for a collection B of subsets of X, let us
consider

Ts ={AC X :Vxe A IB € Bsuch that x € B C A}.

Under what conditions on B can we assert that 7Tz is a topology on X7

The following theorem gives an answer to the above question.

Theorem 2.55 Let X be a set and B be a family of subsets of X such that B
covers X and for every By, By € B and x € By N By, there exists By € B with
T e Bg Q Bl QBQ Then

T :={AC X : for every x € A, AB € B such that x € B C A}.
is a topology on X and B is a (unique) base for T .

Proof. It is enough to show that 7 is a topology on X. Clearly @ € T, as
@ contains no elements. Also, X € T, since B covers X. Now, let Ay, As € T.
To show that A;N Ay, € T. For this, let x € A; N Ay. We know that there exists
B1,By € Bsuch that € By C A; and x € By C A,. Hence, x € Bi N By C
A1NA,. By assumption, there exists Bz € B such that x € By C B1NB,. Thus,
xr € B3 C A; N Ay. This shows that A; N Ay € T. Next, let {A,:a€ A} CT
for some A # @. To show that J, ., Aa € T. For this, let z € (J, ., Aa- Then
there exists S € A such that x € Ag, and hence, there exists B € B such that
LEGBgAﬁgUaeAAa. ]
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FExercise 2.56 Deduce Theorem 2.54 from Theorem 2.55. <

Remark 2.57 We may observe that, in the context of a metric space (X, d),
the conditions in Theorem 2.55 are satisfied: Note that

X = U B(x,r)

zeX

for any r > 0. Now, consider open balls B(z,r) and B(y, s) for some z,y € X
and r,s > 0. Let u € B(x,r) N B(y, s). Then, for small enough ¢ > 0, we have
B(u,t) € B(z,r) N B(y,s). For example, we may take

0 <t <min{d(z,u),r — d(z,u),d(y,u),s — d(y,u)}.
Thus, we have shown that the family
B:={B(z,r):z e X, r>0}

satisfies the conditions in Theorem 2.55. O

Definition 2.58 (Sub-base) Let (X,7) be a topological space. If S is a
collection of subsets of X such that 7 is the topology generated by S, then S
is called a sub-base for 7. O

e Every base is a sub-base, but the converse is not true.

Example 2.59 Let S be the collection of all intervals of the form (a,c0) and
(—00,b). Then S is a sub-base for the usual topology 7T, on R, but § is not a
base for T,. For instance, (—1, 1) is an open set containing 0. But, there is no
set in S containing 0 and contained in (—1,1). O

Theorem 2.60 Let X be a nonempty set and S be a family of subsets of X.
Let T be the collection of all unions of finite intersections of members of S,
together with the sets @ and X. Then T is a topology on X, and it is the
topology generated by S.

Proof. Clearly, T is a topology on X. Also, if T is any topology containing
S, then 7 must contain 7. [

Theorem 2.61 Let (X,T) be a topological space, S be a family of subsets of
X, and B be the family of all finite intersections of members of S. Then S is
a sub-base for T iff B is base for T.

Proof. Suppose S is a sub-base for 7. Then, by Theorem 2.60 and Theo-
rem 2.49, B is a base for 7. Conversely, suppose B is a base for 7. Then, by
Theorem 2.49, S is a subs-base for 7. [



Chapter 3

Countability Axioms and Separability

We have many examples of topological spaces and bases for them. Also, we
know that the base can be a much smaller sub-collection than the topology
itself. For example, for a discrete space on a countable set, the collection of
all singleton sets is a base. In this case, the topology can be an uncountable
collection, whereas a base can be a countable collection.We may also observe
that if a base for a topology contains only a finite number of members, then
the topology itself contains a finite number of members. Thus, if a topology
consists of an infinite number of sets, then every base of such a topology
must contain an infinite number of sets.This chapter explores what happens
when these infinite bases are restricted to being countable. We will study
spaces that possess a countable base at each point (First Countable) or a
countable global base (Second Countable). Finally, we will examine how these
countability restrictions allow a space to contain a dense, countable subset—a
property known as separability.

3.1 Second countable and separability

Definition 3.1 (Second countable space) A topological space or a topology
is said to be second countable if it has a countable base. O

e If a topological space X is second countable, then X is said to satisfy
the second axiom of countability.

We shall define the notion of a first countable space soon.

Example 3.2 The space R¥ with usual topology is second countable. This
follows from the above theorem since the countable set D := Q x Q is dense
in R2. In fact, the family {B(u,r): u € D, r € Q} is a countable base for R*
with usual topology. O

Example 3.3 A discrete space is second countable iff it is a countable set. ¢
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For the next theorem, recall that a subset D of a topological space X
is dense in X if D = X, that is, for every z € X, there exists an open
neighbourhood G of X such that GN D # @.

Theorem 3.4 Fvery metric space with a countable dense subset is second
countable.

Proof. Let X be a metric space with a metric d and let D be a countable
dense subset of X. Let (g,,) be a sequence of positive reals such that &, — 0.
Consider the family

A :={B(u,e,) :u € D,n € N}.

Clearly, A is a countable family of open sets. We show that A is a base for
X. For this, let A be an open set in X and z € A. Let r > 0 be such that
B(z,r) C A. Let n € N be large enough such that ¢, < /2. Since D is dense
in X, the ball B(x,¢,) contains some point u € D. Then

x € B(u,e,) C B(xz,r) C A.
Indeed, u € B(x,¢e,) implies x € B(u,¢,,) and if v € B(u,,), then
dlv,z) < d(v,u) +d(u,z) < e, +e, <7

so that B(u,e,) C B(z,r) as well. Thus, we have shown that for every z € A,
there exists B € A such that x € B C A, so that A is a countable base for
X. O

Definition 3.5 (Separable space) A topological space or a topology is said
to be separable if it has a countable dense subset. O

Example 3.6 The metric space X = R* with usual metric is separable. For
example, the set QF is a countable dense subset of X. O

Example 3.7 Every indiscrete topological space X separable and second
countable. In fact, the only base of the indiscrete space X in {X}, and every
nonempty subset of X is dense in X, in particular, every countable subset of
X is dense in X. O

Every separable metric space is second countable (Theorem 3.4).
An uncountable discrete space is neither separable nor second countable.
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Theorem 3.8 Every second countable space is separable.

Proof. Let (X,7T) be a second countable space and let B={B,, : a € A}
be a countable base for 7, where A is some subset of N. For each n € A, let
z, € B, and let D := {x, : n € A}. Clearly, D is a countable set. We claim
that D is dense in X. For this, let z € X and let G be an open neighbourhood
of x. Since B is a base for X, there exists & € A such that x € B, C G. In
particular, xy € By NG, so that D NG # @. Hence, D is dense in X. [

We have proved that (see Theorem 3.4) every separable metric space is
second countbale.

e Is every separable topological space second countable? Not necessarily,
as the following theorem shows.

Theorem 3.9 The lower limit topology and the upper limit topology on R are
separable, but not second countable. In particular, they are not metrizable.

Proof. Let R, := R with lower limit topology.

(a) It can be easily seen that Q is dense in Ry, and hence it is separable
(Exercise).

(b) Let B be a base for Ry. Then for each x € Ry, there exists B, € B such
that © € B, C [r,00). Clearly, inf B, = z. Hence, z # y implies B, # B,,.
Hence, {B, : x € Ry} is uncountable, and therefore, B is uncountable. Thus,
R, is not second countable.

(c) Since Ry is separable and not second countable, by Theorem 3.4, it is
not metrizable. [

We know that, with respect to the usual metric, R is separable. Also, as
a subspace of R, Q is separable. Is R\ Q separable? The answer is in the
affirmative, which follows from the following general result.

Theorem 3.10 FEwvery subspace of a separable metric space is separable.

Proof. Let (X,d) be a separable metric space and Xy be a subset of X.
We show that X, is also separable. Clearly, if X is countable, then it is
separable. So assume that X, is uncountable. Then D has to be countably
infinite (Why?). Let D = {x, : n € N}. Then, for each n € N, we have

X = UB(SL‘Z-, 1/n) so that

=1

Xo=|JB(xi,1/n)n X, VneN.

=1
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Also, for every n € N, there exists j € N such that B(z;,1/n) N X, # @. Let
A:={(j,n) e NxN: B(z;,1/n) N X, # &}
For (j,n) € A, let y;, € B(z;,1/n) N X,. Let
Dy :={y;n: (j,n) € A}.

We show that Dy is dense in Xj. For this, let x € Xy and € > 0 be given. We
have to show that B(x,e) N Dy # @. Note that, for every n € N, there exists
J € N such that = € B(x;,1/n) so that (j,n) € A. Let n be large enough such
that 2/n < e. Then, we have

1 1
d(ZE, yj,n) S d(l’“rj) + d(xja yj,n) < E + E < €.
Thus, B(x,e) N Dy # @, and the proof is complete. [J

At this point, one may ask: Is subspace of every separable topological space
separable? The answer to this question is in the negative, as the following
example shows.

Example 3.11 Let 7 consists of @ and those A C R? such that for every
(z,y) € A, there exists r > 0, s > 0 such that

[z, 2 +7) X [y,y +5) € A.

It can be easily seen that 7 is a topology on R?. Let X = R? with this topology
T. As in the case of lower limit topology, X is separable. We show that the
set Xo = {(z, —z) : x € R} is not separable. To see this, we observe that, for
every r € R,

{(z,—2)} = XoN([x,x 4+ 7r) X [-z,—x+ 7))

for any r > 0. Hence, every singleton subset of X is open in X, so that the
subspace topology on X, is the discrete topology. Since an uncountable set
with discrete topology is not separable, X is not separable. O

3.2 First countability

Definition 3.12 Let (X, 7) be a topological space and z € X. A family B,
of open neighbourhoods of x is said to be a base at z or local base at =z if
every open set containing x contains some member of B,. O
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Definition 3.13 (First countable space) A topological space X is said to
be first countable if it has a countable local base at every point in X. O

e If a topological space X is first countable, then X is said to satisfy the
first axiom of countability.

Example 3.14 (i) In R with usual topology, the set B, := {(z—1/n,z+1/n) :
n € N} is a local base at z € R.

(ii) If R is with lower limit topology, then B, := {[z,x + 1/n) : n € N} is
a local base at = € R for every z € R.

(ii) In a discrete space X, the family B, = {{x}} is a local base at x.

(iii) In an indiscrete space X, B, = {X} is the only local base at . ¢

Theorem 3.15 FEvery metric space is first countable.

Proof. Let (£2,d) be metric space. Then, for every x € (2, the family
B, := {Ba(x,1/n) : n € N} is a countable base at x: For every open set A
containing z, there exists r > 0 such that By(x,r) C A. Taking n € N such
that 1/n < r, we have By(z,1/n) C By(z,r) C A. O

Theorem 3.16 Fvery second countable space is first countable, and the con-
verse 18 not true.

Proof. Let (X,7T) be a second countable space, and let B be a countable
base for X. Let z € X, and let

B, ={BeB:xe B}

Then B, is a countable base at x. Indeed, for every open set A containing =z,
there exists B, € B such that x € B C A. Clearly B, € B,. This shows that
B, is a countable base at x.

The converse of the above theorem is not true. To see this, it is enough
consider an uncountable discrete space X. This space is not second countable.
However, for each x € X, the family B, := {{z}} is a base at x. O

Every metric space is first countable, but not necessarily separable and
second countable.
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3.3 First countability and convergence

By the definition of closure of a set, we obtain the following theorem.

Theorem 3.17 Let A be a subset of a topological space X . If (xy,) is a sequence
in A such that x,, — x, then x € A.

We know that, if X is a metric space, then the converse of the above
theorem is also true. However, in a general topological space, the converse
need not be true, as the following example shows.

Example 3.18 Let X = R with co-countable topology and A = R\ Q.
Then A = X, since for every & € R every open neighbourhood G of z is an
uncountable set. However, if € Q, then there is no sequence in A which
converges to x, as every convergent sequence in X is eventually constant.

More generally, let X be any uncountable set with co-countable topology
and let A = X \ B, where B is a nonempty countable set. Then, following the
arguments as in last paragraph, we see that A = X and a point in B is not a
limit of any sequence in A. %

However, if X is a first countable space, then converse to Theorem 3.17
does hold.

Theorem 3.19 Suppose X is a first countable space and A C X. Then x € A
iff there exists a sequence (z,,) in A such that x, — .

Proof. Let x € A. Let B, := {B, : n € N} be a countable base at z. Let
G, = ﬂ?zl B;. Since x € A and G, is an open set containing z, there exists
x, € G, N A for all n € N. We claim that x,, — x. To see this, let G be an
open set containing z. Since B, is a countable base at x, there exists k € N
such that B, C G. Note that

G,NACDB,CG Vn>k.

In particular, z,, € G for all n > k. Thus, we have proved that x,, — x.

Conversely, suppose (x,) is a sequence in A such that z,, — z. Let G be
any open set containing x. Then, by the definition of convergence, there exists
k € N such that x € G. In particular, G N A # &, showing that x € A. [

An uncountable co-countable topological space is not first countable.
(see Theorem 3.19 and Example 3.18.)
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e With respect to co-countable topology R, Q is a proper closed subset of
R, whereas R \ Q is dense in R.

Recall that:

e In a Hausdorff topological space, every convergent sequence has a unique
limit.

e [s the converse true? The answer is in the negative, as the following
example shows.

Example 3.20 Consider the co-countable topology on an uncountable set X.
We know that this space is not Hausdorff, and every convergent sequence is
eventually constant, and hence has a unique limit (cf. Theorem 2.13). O

However, we have the following theorem.

Theorem 3.21 Suppose X is a first countable topological space. Then every
convergent sequence has a unique limit iff X is Hausdorff.

Proof. We have already proved that if X is Hausdorff, then every conver-
gent sequence in X has a unique limit.

Conversely, suppose X is first countable and every convergent sequence in
X has a unique limit. To show that X is Hausdorff. For a moment assume
that X is not Hausdorff. Then there exists u,v € X with u # v such that
every pair of open sets containing u and v, respectively, will intersect. Now,
let B, = {U, : n € N} and B, = {V,, : n € N} be countable bases at u and v,
respectively. Let

An:ﬁUj, Bn:ﬁvj VneN.
. i

7j=1

Then A, and B, are open sets containing u and v, respectively, and hence
A, N B, # &. Let z, € A, N B,,. We show that z,, — v and x,, — v, which
would contradict the hypothesis. For this, let G be an open set containing wu.
Since B, is a base at u, there exists k € N such that U, C G. Hence A, C G
for all n > k, so that we also have

r, €A, NB,CA, CG Vn>k.

Thus, x,, — u. Analogously, using the fact that B, is a local base at v, we see
that x, — v. This completes the proof. [

e The co-countable topology on an uncountable space is not first countable,
and hence, not second countable as well (See Example 3.20 and Theorem
3.21).






Chapter 4

Functions and Their Properties

The subject of calculus deals extensively with the properties of functions be-
tween subsets of R and higher-dimensional Euclidean spaces. The same is true
for advanced analysis involving metric spaces. In this chapter, we shall deal
with analogous cases in the setting of topological spaces. We will see that cer-
tain results which hold true in the context of metric spaces need not be true
in the context of general topological spaces. However, generalizing our study
to topology is essential to include these broader, more abstract situations.

4.1 Continuity and sequential continuity

Motivated by the characterization of continuity of a function at a point in
the context of metric spaces, we have the following definition in the context of
topological spaces.

Definition 4.1 Let X and Y be topological spaces. A function f: X — Y is
said to be continuous at a point x € X if for every open neighbourhood V/
of f(x), there exists an open neighbourhood U of x such that f(U) C V. ¢

We also define the following.

Definition 4.2 Let X and Y be topological spaces. A function f: X — Y is
said to be continuous on a subset E of X if it is continuous at every point
in £/, and f is said to be continuous if it is continuous on X. O

Ezxercise 4.3 1. If X is a discrete space and Y is any topological space,
then every functions f : X — Y is continuous.

2. Let X be a nonempty set and 7; and 75 be topologies on X. Let X; = X
with 77 and Xy = X with 75. Then the identity map from X; to X5 is
continuous iff 77 is stronger than 7s. O

Theorem 4.4 Let f: X — Y be a function between topological spaces X and
Y. Then f is continuous iff for every open set G in'Y, f~1(Q) is open in X.

39
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Proof. Suppose f is continuous. Let G be an open set in Y. To show that
f7Y(G) is open in X. For this, let z € f~}(G). Then f(z) € G. Hence, using
the continuity of f at z, there exists an open set U in X such that z € U
and f(U) C G. This implies that U C f~!(G). Thus, we have proved that for
every x € f71(G), there exists an open set U in X such that z € U C f~}(G).
Hence, f~1(G) is open.

Conversely, assume that for every open set G in Y, f~1(G) is open in X.
We have to show that f is continuous on X. So, let x € X and V be an open
neighbourhood of f(z) in Y. By assumption, U := f~(V) is an open set in
X. Since f(z) € V, U is an open neighbourhood of z in X. Note that

yelU = [f(y)eV, ie, f(UCV

This shows that f is continuous. [J

Remark 4.5 In some of the books on topology, the continuity of a function
is defined in terms of the above characterization. O

Theorem 4.6 Let X and Y be topological spaces. Then f : X — Y is contin-
uous iff for every closed set B in'Y, f~Y(B) is closed in X.

Proof. Follows by observing that for BC Y, f~1(B¢) = (f~(B)). O

The proof of the following theorem follows using the definitions of base and
sub-base for a topology.

Theorem 4.7 Let X and Y be topological spaces, B be a base and S be a
sub-base for the topology on Y. The, for a function f : X — Y, the following
are equivalent:

(i) f is continuous.
(i) f~Y(B) is open in X for every B € B.
(iii) f=Y(S) is open in X for every S € S.

Ezxercise 4.8 Supply details of the proof for the above theorem. <

Example 4.9 Let X be any topological space and R be with usual topology.
Then a function f : X — R is continuous iff

{reX a< f(x) <b}

is open in X for any a,b € R with a < b. O
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Theorem 4.10 Let X and Y be topological spaces, and let f : X — Y be a
continuous function. Then, for any sequence (x,) in X,

r, =z in X = f(z,) = f(z)in Y.

Proof. Let (z,) be a sequence in X such that z, — x in X. To show
that f(x,) — f(x). For this, let A be an open set containing f(z). Since f is
continuous, f~1(A) is open in X. Also, x € f~'(A). Since z,, — z and f~!(A)
is an open set containing x, there exists ng € N such that z,, € f~'(A) for all
n > ng. This implies that f(x,) € A for all n > ny. Thus, f(z,) — f(z). O

Remark 4.11 By the above theorem. if we can find a sequence (z,,) in X such
that =, — z for some x € X and f(z,) /4 f(x), then f is not continuous. ¢

e Converse of Theorem 4.10 is not true. To see this, look at the following
example.

Example 4.12 Let R.. = R with co-countable topology and Ry, = R with
discrete topology. Consider the identity function f : R.. — Ry, that is,
f(z) = x for every x € R. This function is not continuous. For example, {1}
is an open set in Ry, but f~1({1}) is not open, as its compliment is not
countable. However, for every sequence (z,) in R,

T, —>zin R, = f(z,) — f(z)in Rys.

This is true, because, if z,, — = in R, then (z,) is eventually constant, and
hence z,, — x in Ryj,. O

More generally we have the following example.

Example 4.13 Let X be a co-countable topological space and Y be any
topological space. Let f : X — Y be any function. We know that if (z,) is a
convergent sequence in X, then it is eventually constant, and hence its image
(f(z,)) is also eventually constant. In other words,

r, >x =— 4N &€ Nsuchthat xr, =2 Vn>N
= flz,) = f(z) Vn=>=N
= flzn) = f().

However, this f need not be continuous. For example, if X is uncountable
co-countable space, Y is with discrete topology and if f is one-one, then f is
not continuous. Because, for y € Y, the singleton set {y} is open in Y, but
f~Y({y}), which is a singleton set, is not open in X. O
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Definition 4.14 (Sequential continuity) Let X and Y be topological
spaces. Then a function is said to be sequentially continuous if for any
sequence (z,) in X,

T, »>xin X = f(z,)— f(z)in Y. O

e Continuity implies sequential continuity.

If X is an uncountable set with co-countable topology, then every function
from X to any topological space Y is sequentially continuous.

In certain special cases, continuity and sequential continuity are equivalent.

Theorem 4.15 Let X and Y be topological spaces. If X is a metrizable space,
then continuity and sequential continuity of a function f: X — Y are equiva-
lent.

Proof. We know that if f : X — Y is continuous, then f is sequentially
continuous. Now, suppose f : X — Y is sequentially continuous, and X is
metrizable. In this case we show that f is continuous.

Let d be a metric which induces the topology on X, and assume for a
moment that f is not continuous. Then there exists zo € X and an neigh-
bourhood V' of f(x¢) such that for any open neighbourhood U of xg, there
exists x € U such that f(x) ¢ V. In particular, for any n € N, taking U as
Bx(xg,1/n), there exists z,, € Bx(zo,1/n) such that f(x,) & V for all n € N.
Thus, we obtain sequence (z,) in X such that x, — zo, but f(x,) A f(zo).
This is a contradiction to the fact that f is sequentially continuous. []

Continuity and sequential continuity are equivalent if the domain space
is metrizable.

More generally, we show that, if X is first countable, then continuity of
a function f : X — Y is equivalent to sequentially continuous. For proving
this, we make use of the following characterization of continuity in a general
setting.
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Theorem 4.16 Let X and Y be topological spaces. Then f : X — Y s
continuous iff for every A C X, f(A) C f(A).

Proof. =): Suppose f is continuous. Let x € A. We have to show that
f(x) € f(A). Let V be an open neighbourhood of f(z). To show that V/
contains some point from f(A). Since f is continuous, we know that f=(V) is
an open neighbourhood of x, and since z € A, the open neighbourhood f~1(V)

of z contains some point from A, say u € f~1(V)N A. Then f(u) € V N f(A).

<): Suppose f(A) C f(A) for every A C X. We have to show that f is
continuous. By Theorem 4.6, it is enough to show that f~!(B) closed for every
closed B C Y. That is, taking A = f~!(B), we have to show that A = A. So,
let x € A. Then, by hypothesis, f(r) € m But, since A = f~(B), we have
f(A) C B, so that L

f(z) € f(A)C B=B.

Thus, we have proved that if # € A, then z € f~}(B) = A, showing that
A=A 0O

Let us recapitulate some of the results which we have already proved: Let X
and Y be topological spaces and f : X — Y. Then the following are equivalent.

(i) f is continuous.

For every closed set F'in Y, f~1(F) is closed in X.

)
(ii) For every open set V in Y, f~1(V) is open in X.
(i)

)

(iv) For every set A C X, f(A) C f(A).

Now, we prove the promised theorem.

Theorem 4.17 Let X and Y be topological spaces. If X 1is first countable,
then a function f: X — Y is continuous iff it is sequentially continuous.

Proof. Let X and Y be topological spaces and X be a first countable
space. Suppose [ : X — Y is sequentially continuous. We have to show that
f is continuous. By Theorem 4.16, it is enough to show that f(A) C f(A) for
every A C X.So,let A C X and x € A. Since X is first countable, by Theorem
3.19, there exists (x,) in A such that z,, — z. By assumption f(z,) — f(z).

Since f(z,) € f(A), it follows that f(x) € f(A), and the proof is complete. [J

e Continuity and sequential continuity are equivalent if the domain space
is first countable.
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4.2 Continuity and separability

Lemma 4.18 Continuous image of a dense subset is dense in the range space.

Proof. Let X and Y be topological spaces and f : X — Y be a continuous
function. Let D be a dense subset of X. We show that f(D) is dense in f(X).
For this, let y € f(X) and V be an open set in f(X) which contains y. Then
V = GnN f(X), where G is open in Y and y € G. We have to show that
f(D)NV # @.

Let + € X be such that y = f(z). Since f is continuous, f~(G) is an
open neighbourhood of . Since D is dense in X, DN f~1(GQ) # @. Let u €
DN f~YG). Clearly, f(u) € f(D)NG C f(D)NV. Thus, f(D)NV # & and
the proof is complete. [

As a corollary to the above lemma, we have the following theorem.

Theorem 4.19 Continuous image of a separable space is separable in the
range Space.

Proof. Let X and Y be topological spaces and f : X — Y be a continuous
function. Suppose X is separable and D be a countable dense subset of X.
By Lemma 4.18, f(D) is dense in X. Clearly, f(D) is a countable subset of
f(X). O

Example 4.20 Let P; be the set of all polynomials of degree atmost k& with
real coefficients and let P be the set of all polynomials with real coefficients.
Let

d(f,9) = sup |f(t) —g(t)] for fgeP.

0<t<1

It can be easily seen that d(-,-) is a metric on P. We show that

e X := P and X := P are separable with respect to the metric d(-,-)
above.

For thus, let R**! be with the metric
plu,v) :=|ug — v+ -+ + |up — g
consider the function ¢y : R — X} defined by

olag, ay, ... a;) = ag + at + - - + azt”.
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Note that ¢ is a bijective function. I can be easily seen, using the denseness
of Q in R, that Q*! is dense in R**! (Verify). Note that

|90(CL(),CL1, e ,CLk)| S |CLO| + |CZ1| + -+ |ak|
From this, it follows that
d(p(u), o(v)) = le(u) — (V)] < p(u, v).

Hence, ¢ is a continuous function. Hence, by Theorem 4.19 that o(QF*1) is a
countable dense subset of P;,.

Since , P = Uy, Pk, X is also separable. O

FExercise 4.21 Subspace of a separable space is separable. N

4.3 Restriction, expansion and composition theorems

The proofs of all the items in the following theorem follow from the defini-
tion of continuity. However, we supply brief explanations.

Theorem 4.22 Let X and Y be topological spaces and f : X — Y be a
continuous function. Then the following results hold.

(1) (Domain restriction theorem) Let X be a subspace of X. Then the
restriction of f, namely, the function fy: Xo — Y defined by

fo(z) = f(x) VzelX,
1S continuous.

(2) (Co-domain restriction theorem) Let Yy be a subspace of Y with
f(X) CYy. Then the function g : X — Yy defined by

g(x) = f(z) VzelX,
1S continuous.

(3) (Co-domain expansion theorem) Let Z be a topological space such
that Y is a subspace of Z. Then the function h : X — Z defined by

h(z) = f(z) VzelX,

18 continuous.
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Proof. (1) Let A be any subset of Y. Then we see that
fo'(A) = fH(A) N X,

In particular, for every open set V in Y, f3 (V) = f~(V)N Xy is open in Xj.

(2) Let V be open in Y. Then V = G NYy, where G is open in Y. Then,
we have

g (V)= (V) =G NX = [7HG),
which is open in X.
(3) Let G be open in Z. Then V =G NY is open in Y and we have

V) =G nY).
But, for x € X,
r€ fHGNY) <= f(r) eGNY < f(z)€G < h(z)cq.

Thus, f~Y(V) = h~'(G),where f~'(V) is open in X. Thus, inverse image of
every open set in G under h is open in X, showing that h is continuous. [

Theorem 4.23 (Composition theorem) Let X,Y and Z be topological
spaces and f : X — Y and g : Y — Z be continuous functions. Then the
composition function go f : X — Z is continuous.

Proof. Let V be an open set in Z. Then, we have
(go /)7 (V)= fg ' (V)]
which is open in X. [J

Definition 4.24 Given a function f : X — Y and a subset X, of X, the
function fy: Xo — Y defined by

folz) = f(x), we Xy,

is called the restriction of f to Xy, and it is usually denoted by f|x,, and in
that case, f is called an extension of fj. O

e Restriction of every continuous function is continuous. But, the converse
need not be true, as the following example shows.
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Example 4.25 Let X = R be with usual topology and X, = [0, 1] be with
the subspace topology. Then fy : Xy — X defined by

fo(l’) =T, x € X(),
is continuous. Let f : X — X be define by
| oz, xe X,
f@)_{ 0, z€X\ X,
We note that f is an extension of fy, and f is not continuous. O

e Does every continuous function defined on a subspace has a continuous
extension to all of X7 Not necessarily, as the following example shows.

Example 4.26 Let R be with usual topology and ((0,00) is with subspace
topology. Let fo : (0,00) — R be defined by

fo(x)=—, x€(0,00).

Then fy is continuous. But, it does not have a continuous extension to R
(Why?). O

In the following theorem®

antees continuous extension.

, we give a condition on the subspace which guar-

Theorem 4.27 Let X,Y be topological spaces, Xo be a subspace of X and
fo : Xo = Y be continuous. If Xy is open as well as closed, then fy has a
continuous extension to all of X.

Proof. Let f; : X§ — Y be any continuous function (e.g., we may take
fi(z) = yo for every x € X§ for any given yo € Y). Then define f : X — Y by

| folz) if z e X,
f(x)_{f(l)(x) ifxEXZC,

Now, let V' be an open set in Y. Then we have

V)= (V)nXe, f1(V)=f1V)NXs.
Hence,
V) =f (VU V).
Since fy and f; are continuous, the sets f; (V) and f; (V) are open in X
and X§, respectively. Now, since Xy and X§ are open in X, the sets f; (V)

and f; (V) are open in X as well. Thus, f~1(V) is open in X. Thus, we have
proved that f is a continuous extension of fy. [

IThis theorem is not explicitly stated in the referred books.
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Exercise 4.28 Does R with usual topology have a nonempty proper subset
which is open and closed? Why? <

Theorem 4.27 is a particular case of the following theorem, called the past-
ing lemma.

Theorem 4.29 (Pasting lemma) Let X and Y be topological spaces, and
A and B be closed subspaces of X such that X = AUB. If f{ : A —Y and
fo: B =Y are continuous functions such that

fi(x) = fo(zx) Vze ANB,

then the function f: X — Y defined by
_J h(z) yreA,
ﬂ”_{ﬁ@ if z € B,

is a continuous function.

Proof. We observe that for every subset S of Y,

F7HS) = fH(S)U f(9).

Now, if S is closed in Y, then f;(S) closed in A and f; '(S) closed in B, and
since A and B are closed, f;(S) and f;*(S) are closed in X as well. Thus,
we have proved that inverse every closed set under f is closed in X. [

Ezxercise 4.30 Prove the pasting lemma (Theorem 4.29) by assuming that
both A and B are closed, instead of assuming that both are open. <

Continuous extension of a function is also possible under certain other
conditions on the spaces and the function (see Appendix below).

4.4 Continuous extension in the context of metric spaces

We show that continuous extension of a function is possible in the context
of metric spaces under certain conditions on the spaces and the function. First,
let us recall the definition of uniform continuity of a function between metric
spaces.

Definition 4.31 Let (X,d) and (Y, p) be metric spaces. Then a function
¢ : X — Y is uniformly continuous on a subset S of X if for every ¢ > 0,
there exists 0 > 0 such that

r,ye S, dxy) <o = p(f(z), f(y)).
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Theorem 4.32 Let (X,d) and (Y, p) be metric spaces, and Xy be a dense
subspace of X. If Y is is complete, then every uniformly continuous function
fo: Xo =Y has a unique continuous extension f: X — Y.

Proof. Suppose Y is complete and fy : Xg — Y is a uniformly continuous
function. Let x € X. Since X is dense in X, there exists a sequence (z,,) in Xy
such that z, — 2. Since fy is uniformly continuous, it can be seen (Exercise)
that the sequence (fo(x,)) is a Cauchy sequence in Y. Since Y is complete,
(fo(xy)) converges. Let

fla) = lim fo(,). (+)
We show that f is a well-defined continuous function from X to Y which is
the unique extension of fj.

(i) (Well defined extension): We show that f prescribed as in (x) is a well-
defined function from X to Y which is an extension of fy: To show this we
have to show that f(z) independent of the sequence (x,,) which converges to .
For this, let (u,) be any other sequence in X, which converges to z. Then the

sequence (fo(uy,)) is a Cauchy sequence in Yso that (fo(u,)) also converges.
We show that f(u,) — f(z). Since

p(f(un), [(@) < p(f(un), f(2n)) + p(f(2n), f(2))
< P(fo(un)af0($n))+p(f0(xn)vf(x)) VneN

and p(fo(zy,), f(z)) — 0, it is enough to show that p(fo(un), fo(zn)) — 0.

Now, let € > 0 be given. Since fj is uniformly continuous, there exists 6 > 0
such that

dow) <5 = p(f0), fw) < e 1)
Since d(x,,x) — 0 and d(u,,z) — 0, there exists N € N such that

d(xp,x) <6/2 and d(up,x) <d6/2 VYVn>N

so that
d(xp,un) < d(xp,z) +d(z,u,) <6 VYn>N. (2)

Hence, by (1) and (2) above,

p(f(@n), f(un)) <& Vn=N.

Thus, we have shown that p(f(u,), f(x)) — 0, and the the value f(z) is is
uniquely defined, making f : X — Y a function.

Note that
f(x) = folz) Ve Xo.

Thus, f is an extension of f.
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(ii) (Continuity of extension): We show that f is continuous. For this, let
x € X and € > 0 be given. Since f; is uniformly continuous, there exists § > 0
such that

vow € Xo, dv,w) <5 = p(folv), folw)) <. (1)

For a 6y > 0, let u € X be such that d(z,u) < dy, and let (z,,) and (u,) in Xy
such that d(z,,z) — 0 and d(u,,u) — 0. We note that

p(f (), f(u)) < p(f(2), folzn)) + p(folzn), folun)) + p(fo(un), f(u))  (2)

for all n € N. By the definition of f(z) and f(u), we know that
p(f(x), folxzy)) — 0 and p(f(uy,), fo(u)) — 0. Hence, there exists N; € N
such that

p(f(x), folzn)) <& p(f(un), folu)) <& Vn=Ni. (3)

Note that
d(xp, up) < d(xp,x) + d(z,u) + d(u,u,) VneN.
Since d(x,,x) — 0 and d(u, u,) — 0, there exists Ny € N such that

) )
d(zp, ) < 7 d(u,up) < 1 Vn > Na.

Hence, taking g := /2, we have

d(x,u)<g = d(xn,u,) <6 VYn >Ny

so that by (1),
p(f(zn), f(un)) <& Vn =N,

Therefore, by (2) and (3),
dz,u) <6/2 = p(f(x), f(u)) <3¢ Vn>N:=max{Ny, Ny}

Thus, we have proved that f is continuous.

(iii) (Uniqueness of extension): We show that the continuous function f
in (ii) is the unique continuous extension of fy. Suppose g : X — Y is any
continuous extension of fy. Then for every = € X, if (z,,) in X is such that
d(x,,x) — 0, then we have

g(x) = lim g(z,) = lim fo(x,) = f(x).
n—oo

n—oo

Thus, g = f. This proves the uniqueness of extension. [J
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4.5 Homeomorphism, open and closed maps

Definition 4.33 Let X and Y be topological spaces, and f : X — Y. Then f
is said to be a homeomorphism if f is bijective, continuous, and its inverse
f~':Y — X is continuous,. O

e Let X and Y be topological spaces, and f : X — Y be a bijective
function. Then f : X — Y is a homeomorphism iff f~!:Y — X is a
homeomorphism

Definition 4.34 Let X and Y be topological spaces. If there is a homeomor-
phism from X onto Y, then X is said to be homeomorphic with Y, and in
that case we write X ~ Y. O

We observe that
X~Y <— Y~ X.

e Let X be the family of all topological spaces. On X', then the relation ~
is an equivalence relation (Verify).

We shall represent the fact that X is not homeomorphic with Y by
X AY.

Example 4.35 (A homeomorphism) Let R be with usual topology. For
any a,b € R with a # 0, the function f : R — R defined by

flz)=ax+0b, ze€eR,

is a homeomorphism. It can be easily seen that f is a continuous function.
Also, for x,y € R,
y—>b
flx)=y <= z= —

so that f is bijective and f~! is continuous. O

Example 4.36 (A continuous bijection which is not a homeomor-
phism) Let X = R be with discrete topology and ¥ = R with usual topology.
Then the identity map f : X — Y defined by

flx) =2z, ze€lX,

is continuous and bijective, but not a homeomorphism: Clearly, f is bijective,
and since X is with discrete topolgy, f is continuous as well. Note that, g :=
1Y — X is defined by g(y) := f~!(y) = y for every y € Y, and the inverse
image of the open set {1} in X under the map ¢ is not open in X. O
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Example 4.37 (A homeomorphism between open intervals) For any
a,b,c,d with a < b and ¢ < d, the open intervals (a,b) and (¢, d) are home-
omorphic with usual topologies on them: To see this consider the function
f:(a,b) = (c,d) be defined by

d —
f@) = et s—( —a)
Then we see that f is continuous, bijective, and its inverse is given by
b—a
-1 - .
o) =at—(y—o),

which is also continuous.

Using the same arguments, [a, b] is homeomorphic with [c, d], [a, b) is home-
omorphic with [¢,d) and (a, b] is homeomorphic with (¢, d]. O

With respect to the usual topology on R,
e any two open intervals are homeomorphic.

e any two closed and bounded intervals are homeomorphic.

For intervals with end points a and b, one may ask the following questions:
e Is (a,b) ~ [a,b]?
e Is (a,b) ~ (a,b]?
e Is (a,b) ~ [a,b)?
e Is [a,b] ~ (a,b]?
e Is [a,b] ~ [a,b)?
e Is [a,b) ~ (a,b]?
We shall see that answer to only the last question is in the affirmative.

Example 4.38 (Non-homeomorphic spaces) We have following.

(1) With topologies induced by the usual metric, the space X = [a, b] is not
homeomorphic with any of the spaces Y; = (a,b), Ya = (a,b], Y3 = [a, b): Note
that X is compact, whereas Y7, Y5, Y5 are not compact. Recall that, continuous
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image of a compact metric space is compact. Hence, there is no continuous onto
function from X to any of Y7, Y5, V3.

(2) With topologies induced by the usual metric, the space X = (a,b) is
not homeomorphic with any of the spaces Y; = (a,b], Y2 = [a, b).
To see this, first consider X and Y;. Assume for a moment that X and Y

are homeomorphic. Then there is a continuous onto function g : ¥; — X. Let
xo = g(b). The

A=Y\ {b} = (a,b),  g(A) = (a,0) U (a0, b).

Note that A is a connected subset of Y; whereas g(A) is disconnected, which
is a contradiction to the fact that, continuous image of a connected set has
to be connected. Thus, we have proved that X = (a,b) is not homeomorphic
with Y7 = (a, b].

Using similar arguments, it can be shown (Verify) that (a,b) is not home-
omorphic with [a, b). O

Example 4.39 (Homeomorphic spaces) With topologies induced by the
usual metric on R, the space X = [a,b) is homeomorphic Y = (a,b]. To see
this, let ¢ : (a,b] — [—b, —a) be defined by

o(x) = —z.

This function is a homeomorphism from (a,b] onto [—b, —a), that is [a,b) ~
[—b, —a). Hence, in view of Example 4.37, [—-b, —a) ~ [a,b). Hence, by the
transitivity of the relation ~, we have [a,b) ~ (a,b]. Since (a,b] ~ (c,d], we
also have [a, b) ~ (¢, d]. O

(a,b) ~ (¢,d), la,b) ~[c,d), (a,b] ~(c,d], (a,b]~[c,d), [a,b]~ [cd]

(a,b) # la, 0], (a,b) % [a,b), (a,b) % (a,b], (a,b] # [a,0], la,b) % [a,b].

Remark 4.40 Bear in mind that, to show that two spaces are homeomorphic,
it is enough to find one homeomorphism from X onto Y, whereas to show that
two spaces are not homeomorphic, it is necessary to show that there is no
homeomorphism from X onto Y. O
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Example 4.41 (A homeomorphism) Let (0,1) and (1,00) be with usual
topology, and f : (0,1) — (1, 00) be defined by

o) = i re(01).

We note that f is bijective with its inverse defined by
_ 1
f l(y):gja y e (1700)

Further, both f and f~! are continuous (using a result from Real Analysis).
Thus, f is a homeomorphism.

Now, let ¢ € R. Let f.:(0,1) = (¢, 00) be defined by

1—=2 1—=x
—1l=c+
x x

fe(z)=c+ z € (0,1).

Then f. is a homeomorphism from (0, 1) to (¢, 00) (Verify). We know that (see
Example 4.37), the space (a, b) is homeomorphic with (0, 1). Hence, it follows
that (a,b) is homeomorphic with (¢, 00).

Next, let g. : (¢,00) — (—00, ¢) be defined by
g(x) =—z, x € (c,00).
This is a homeomorphism from (¢, 00) to (—oc, ¢). Hence, it follows that (a, b)
is homeomorphic with (—oo, ¢).

Using similar arguments, it can be seen that [a,b) is homeomorphic with
[c,00) and to (—oo, ¢] (Verify). O

Example 4.42 (A homeomorphism) Let (—1,1) and R be with usual
topology, and f : (—1,1) — R be defined by

x

fl@)=1—073 =ze(-11)
This function is a homeomorphism: It can be easily seen that f is continuous
(using a result from Real Analysis). Also, for y € R and = € (—1,1),

2
1 —a? 14 (14 4y2)1/2

This shows that f is bijective and the function g : R — (—1,1) defined by

2y
- R
9(v) = 17 a2 Y€

is the inverse of f, and ¢ is continuous (Verify).

We know that (see Example 4.37), the space (a,b) is homeomorphic with
(—1,1). Hence, it follows that (a,b) is homeomorphic with R. O
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Example 4.43 (A continuous bijection which is not a homeomor-
phism) Let X = [0, 1) with usual topology and

Y =8":={(a,b) : a®* +b* =1}

with subspace topology of R? with usual topology. Let f : X — Y be defined
by
f(t) = (cos2nt,sin 2xt), t€[0,1).

Then f is bijective and continuous, but its inverse is not continuous, and hence
it is not a homeomorphism (See Appendix). O

Example 4.44 (Non-homeomorphic spaces) Let X = [0,1] and ¥V =
[0,00) be with usual topologies, so that X and Y are metric spaces. These
spaces are not homeomorphic. In fact, there is no continuous onto function
from X to Y, since X is compact and Y is not compact. O

Example 4.45 (Non-homeomorphic spaces) Let X = R with usual topol-
ogy and Y = R with discrete topology. Then X and Y are not homeomorphic.
In fact there is no continuous bijection function from X to Y. This is seen as
follows: Suppose f : X — Y be a bijective function. Then inverse image of
singleton sets under f are singleton sets. Now, singleton sets in Y are open
sets, whereas singleton sets are not open in X. Hence, f cannot be continuous.

Also, if g : Y — X is a bijective function, then it is continuous, but its
inverse is not continuous, by the same reason as in the last paragraph. O

Let X € {(¢,0), (—00,d), R} and Y € {[¢, ), (—o0,d]}. Then

(a,b) ~ X, [a,b)~Y, X LY.

Theorem 4.46 Let X and Y be topological spaces, and f : X — Y be a
homeomorphism. Then we have the following.

(1) Image of every open set in X is open in'Y .
(2) Image of every closed set in X is closed in'Y .

Proof. We note that for every A C X,
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Indeed, since f is bijective, for y € Y,
ye(T)HA) = [y €A = ye f(A).

Hence, using the fact that f~! is continuous, it follows that f(A) is open if A
is open, and f(A) is closed if A is closed. [

Functions having the properties (1) and (2) in Theorem 4.46 have special
names.

Definition 4.47 Let X and Y be topological spaces, and f : X — Y. Then a
function f: X — Y is said to be

1. an open map if for every open set A in X, f(A) is open in Y, and

2. a closed map if for every closed set A in X, f(A) isclosedinY. ¢

e By Theorem 4.46, every homeomorphism is an open and closed map.

o If f: X — Y be a bijective continuous function between topological
spaces, then f is open iff f~! : Y — X is continuous.

A bijective continuous function is a homeomorphism iff it is open.

A bijective continuous function is a homeomorphism iff it is closed.

Example 4.48 The identity map on a topological space is open, closed, and
a homeomorphism. O

Example 4.49 If X is a topological space and Y is a discrete space, then
every function from X to Y is open and closed. O

Ezxercise 4.50 Write details of the proofs of the above two theorems.
(Hint: for every A C X, (f~1)71(A) = f(A).) q

Now, we give examples of following types of maps:

e An open map which is not a closed map;
e A closed map which is not an open map;

e A map which is neither open and nor closed;
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Example 4.51 Let X = (0,1) and Y = R with usual metric topologies and
let f: X — Y be the inclusion map. That is, f(x) = z, z € X. This is an
open map which is not a closed map:

Any open set in X is also open in Y; hence it is an open map. Note that,
A =(0,1/2] is closed in X which is not closed in Y. Hence, f is not a closed

map. O

Example 4.52 Let X = [0,1] and Y = R with usual metric topologies and
let f: X — Y be the inclusion map. That is, f(x) = z, z € X. This is an
closed map which is not an open map:

Any closed set in X is also closed in Y; hence it is an closed map. Note
that, A = [0,1/2) is open in X which is not open in Y. Hence, f is not an
open map. O

Example 4.53 Let X = [0,1) and Y = R with usual metric topologies and
let f: X — Y be the inclusion map. That is, f(x) = z, z € X. This is an
neither an open map nor a closed map: In this case [0, 1) is open and closed
in X, but it is neither open nor closed in Y. Hence, f is neither an open map
nor a closed map. O

Example 4.54 Let X = (0,1) and Y = (1,00), both with usual topology,
and let f: X — Y be defined by

f(z) = 1, xz e X.

x
Then f is a homeomorphism,. O

Theorem 4.55 Let X be a topological space and Xy be a subset of X with
subspace topology To. Then the inclusion map f: Xog — X, defined by f(u) =
u, u € Xy, 18

(i) open iff Xo is open in X;

(i) closed iff Xg is closed in X.

Proof. The proof follows from Theorem 2.40 and Theorem 2.46. [

Exercise 4.56 Let R and R? be with usual topologies. Show that the map
f: R — R? defined by
f(z) = (x,0), zeR,

is a closed map, but not an open map. N
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Ezxercise 4.57 Verify the following:

1. The sets A = {(z,y) € R?, 2?2 +y*> < 1} and B = {(x,y) : |z| + |y| < 1}
are homeomorphic with respect to the subspace topologies induced by
the usual topology on R2.

2. The sets A = {(z,y) € R}, 1 < 22 +y*> <2} and B = {(z,y) : 1 <
|z| + |y| < 2} are homeomorphic with respect to the subspace topologies
induced by the usual topology on R2.

3. Thesets A ={(z,y) € R? 22 +1y? <2} and B={(z,y) : 1 < |z|+|y| <
2} are not homeomorphic with respect to the subspace topologies induced
by the usual topology on R?.

4. The sets A = {(z,y) e R*, 2?+y* =1} and B={r e R: 0 <z <1}
are not homeomorphic with respect to the subspace topologies induced
by the usual topology on the spaces R? and R, respectively. O

The following is an example of a bijective continuous fun ction, which is
not a homeomorphism.

Example 4.58 Consider the Example 4.43. Since t + cos 27t and t > sin 27t
are continuous on [0,1), the map f : ¢t — (cos2nt,sin 2nt) defined from [0, 1)
to R? also continuous. Now, for s,¢ € [0,1), we have

(cos 2mt, sin 27t) = (cos 27s, sin 27s)

(cos 2t — cos 2ms, sin 27t — sin 2ws) = (0, 0)

111

cos 2m(s — t) = cos 2ms cos 27t + sin 27 s sin 27t
= cos” 2t 4 sin” 21t = 1

= 21(s—t)=0 = s=t1.

Thus, we have proved that f :[0,1) — S is one-one. Now, we show that f is
onto. For this, let (a,b) € S* with a # 0,

b 1
(cos2mt,sin27t) = (a,b) = tan2nt=- = t= p tan~"(b/a).
a 7r

If (a,b) € S* with a = 0, we have b = 1 so that f(0) = (0,1). Thus, we have
shown that f:[0,1) — S! is bijective and continuous. However, its inverse is
not continuous. To see this, consider the open set [0,1/4) in [0, 1). Its inverse
image under f~!is

{(cos2mt,sin2nt) : 0 <t < 1/4}

which is not an open set in S*. O
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4.6 Topologies determined by functions
Let X and Y be sets and f : X — Y. Then we have the following:
e J=fH2)and X = f7LY);
e For subsets Ay, Ay of Y, f7H(A) N f1(A) = fHAL N Ay);
e For a family {A, : @ € A} of subsets of Y, U YA = f_1< U Aa>.

aEA a€el

The above observations show that if X is a set, (Y,7y) is a topological
space, then any function f : X — Y determines a topology on X, given by

Trx = {f"YG) : G open in X}.

Clearly, f is continuous with respect to (7; x, Ty). Further, if there is another
topology T on X such that f is continuous with respect to (7, 7y ), then Ty x
is weaker than 7. Thus, we have proved the following theorem.

Theorem 4.59 Let X be a set, Y be a topological space, and f : X — Y.
Then
Trx ={f(G): G open in Y}

15 a topology on X, and with this topology on X, f : X — Y s continuous.
Further, Ty x 1is the weakest topology on X such that f is continuous.

Definition 4.60 The topology 7 x in Theorem 4.59 is called the weak topol-
ogy on X determined by f. O

Now, suppose (X, Tx) is a topological space and Y is set. Can we define a
topology on Y using a function f : X — Y in some manner?

Here is an answer.

Theorem 4.61 Let X be be a topological space, Y be a set, and f : X — Y.
Try ={ACY : f1(A) open in X}

15 a topology on Y, and with this topology on'Y, f : X — Y 1is continuous.
Further, T;y is the strongest topology on'Y such that f is continuous.

Proof. We observe that @ € T;y since @ = (&) is open open in X,
and Y € T;y since X = f~}(Y) is open in X. Also, if A,B € T;y, then
f7Y(A) and f~'(B) are open in X so that

fHANB)=f1(A)nf(B)



60 Functions and Their Properties

open in X, and hence AN B € Tyy.
Next, let {A, : a € A} C Ty for some index set A. Then

f1(A,) openin X VYaeA

so that
7 (U Aa) = U 77 (4a) open in X.

acA a€el
Hence, |J,cp Aa € Tyy. Thus, we have proved that Ty is a topology on Y.

Now, suppose that 7 is a topology on Y such that f is continuous with
respect to (X, T7y). Then, for every G € T, f~}(G) is open in X. Hence,
G € T;y. This shows that Ty is stronger than 7. Thus, we have proved that
Ty is the strongest topology on Y such that f is continuous. [

Definition 4.62 If X is a topological space and Y is a set, then the topol-
ogy T;y obtained as in Theorem 4.61 is called the strong topology on Y
determined by f. O

Example 4.63 Let X be a nonempty set, Y be a topological space and yy € Y.
Let f: X — Y be the constant function,

f(z) =v9, ze€X.
We note that, for any open set G C Y,

_1 - X, y()EG,
re={5 "

Thus, the weak topology on X determined by f is the indiscrete topology. ¢

Example 4.64 Let X be a topological space, Y be a set and yo € Y. Let
f X — Y be the constant function,

f(z) =vo, ze€X.

Now, if A is any subset of Y, then either yy € A or yg & A. If yy € A, then
7Y A) = X and if yo &€ A, then f~1(A) = @. Thus, we have proved that every
subset of A is open w.r.t. the topology on Y determined by f. In other words,
the topology on Y determined by f is the discrete topology. O

Recall that if X and Y are topological spaces, and f: X — Y is a contin-
uous function, then for any sequence (x,) in X,

The next theorem shows that, if the topology on X is determined by f, then
the reverse implication is also true.



Topologies determined by functions 61

Theorem 4.65 Let X be a set, (Y,Ty) be a topological space. Let Ty x be
the weak topology on X determined by a function f : X — Y. Then, for any
sequence (z,,) i X, x, — x with respect to T x iff f(xn) = f(z) with respect
to Ty .

Proof. Since f is continuous with respect to (7 x, Ty ), we have the im-
plication

r, woin (X, Trx) = f(z,) = f(z)in (Y, Ty).

To see the reverse implication, suppose (z,) is a sequence in X such that
f(z,) — f(z) for some z € X. We have to show that z,, — = with respect to
T;x. For this, let G be an open neighbourhood of . Then, by the definition
of T;x, there exists an open set V in Y such that G = f~'(V). Since x €
G = f~Y(V), we have f(z) € V. Now, f(z,) — f(z) implies that there exists
N € N such that

flz,) €V ¥n>N.

Hence, x, € f~1(V) = G for all n > N, showing that z,, = z. O

Instead of having topologies determined by a single function, we can have
topologies determined by families of functions. Thus, we have the following
two theorems, which are more general than Theorem 4.59 and Theorem 4.61,
respectively.

Theorem 4.66 Let X be a set, {(Ya, 7o) : € A} be a family of topological
spaces, and fo : X = Y, for a € A. Then the topology generated by

S ={f1Ga) : Go € Ta, a € A}
is the weakest topology on X such that each f, is continuous.

Proof. Let Tx be the topology generated by S. Clearly, each f, is contin-
uous with respect to (Tx,7T.). Now, let 7 be any other topology on X such
that each f, is continuous with respect to (7,7,). Then, f;'(G,) € T for
each G, € T,. Hence, S C T, so that Tx C 7. 0O

Theorem 4.67 Let {(X,, 7o) : a € A} be a family of topological spaces, Y be
a set and fo: Xo =Y fora € A. Then

Ty ={ACY: f;'(A) €T, foralla € X}

is the strongest topology on'Y such that each f, : X, — Y 1is continuous.
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Proof. Clearly, f,*(9) = @ and f,;'(Y) = X so that &,Y € Ty. Also,
for A, B € Ty,
f (AN B) = [H(A) N [ (A) € T,

for each o € A, so that AN B € Ty. Further, if G is a subfamily of 7y, then

R (Ua)=Urwer

Aeg A€eg

for each a € A, so that |J,.g A € Ty. Thus, Ty is a topology on Y.

Clearly, for every A € Ty, f,'(A) € T, for every a € A so that each f, is
continuous with respect to (74, Ty). Now, let T be any other topology on Y
such that each f, is continuous with respect to (74, 7). Then, by the definition
of continuity, for every A € T, f1(A) € T, for every a € A, so that A € Ty.
Thus, we have proved that T C 7Ty, showing that 7y is the strongest topology
on Y such that each f, : X, — Y is continuous. [

Definition 4.68 The topology on X in Theorem 4.66 is called the weak
topology on X determined by {f,: X — Y,|a € A} O

Definition 4.69 The topology on Y in Theorem 4.67 is called the strong
topology on Y determined by {f, : X, = Y]a € A}. O



Chapter 5

Connected and Path Connected Spaces

In real analysis, we learned the notion of connectedness within metric spaces.
We now extend this concept to general topological spaces, demonstrating that
the core properties of connectedness depend entirely on open sets rather than
an explicit distance metric.

5.1 Connected space

Definition 5.1 A topological space X is said to be a connected space if it
is not a union of two disjoint nonempty open sets. A topological space which
is not connected is called a disconnected space. O

Definition 5.2 By a separation of a topological space X, we mean, a pair
(A, B) of disjoint nonempty open sets in X such that X = AU B. O

e A topological space X is connected iff there is no separation of X.

e A topological space X is disconnected iff there is a separation of X.

Definition 5.3 A subset of a topological space is said to be connected if it
is a connected space as a subspace. O

Example 5.4 The following can be verified easily (Exercise).

1. A subset of a discrete space is connected iff it is a singleton set.

2. If X is an uncountable set with co-countable topology, then X is con-
nected.

3. If X is an infinite set with co-finite topology, then X is connected.

Theorem 5.5 A nonempty topological space is connected iff the whole space
is its only nonempty subset which is both open and closed.

63
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Proof. Let X nonempty topological space. Suppose X is connected, and
E is a nonempty subset which is both open and closed. Then E* is also both
open and closed. Since X is connected and X = F'U E¢, we have E¢ = &, for
otherwise, (F, E°) would be a separation of X. Hence, £ = X.

Conversely, suppose that X is the only nonempty subset which is both open
and closed. We have to show that X is connected. Assume on the contrary
that X is not connected, and (A, B) is a separation of X. Then A and B are
different subsets which are both open and closed, which is a contradiction to
the hypothesis. [

Theorem 5.6 Let X be a topological space and E C Xqg C X. Then E s a
connected subset of X iff E is a connected subset of X.

Proof. It is enough to show that £ disconnected in X iff £ is disconnected
in X.
Suppose E disconnected in X. Hence, there exists open sets V; and V5 in
X such that
E=(ENnV)U(ENV,),

where £ NV}, and E NV, are nonempty disjoint sets. Since V; and V; are open
in Xy, there exists open sets GG; and Gy in X such that V}; = Xy N G and
Vo = Xy N G5. Hence,

ENVi=ENXyNG =ENG,, ENVa=ENXoNGy=FEnNGy.
Thus, £ NGy and E N Gy are disjoint nonempty subsets of E such that
E=(ENG)U(ENG,),

where G; and Gy are open in X. This shows that F is disconnected in X.

Conversely, suppose that E disconnected in X. Then there exists open sets
G and G5 in X such that

E=(ENG))U(ENG,),
where £ N G and E N G5 are nonempty disjoint sets. Note that
ENGi=EnNXoNGi=EnV),, ENGy=FEnNXoNGy=ENV,,
where V] = Xog NG and Vo = Xy N G4. Hence,
E=(ENnW)U(ENV),

where £ NV; and E N V5 are nonempty disjoint sets with V; and V5 are open
in Xo. This shows that F is disconnected in Xy. O
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Remark 5.7 In view of the above theorem, while talking about connected
sets in a topological space, we do not specify explicitly whether it is connected
in the whole space or in a subspace. O

Theorem 5.8 Continuous image of a connected set is connected.

Proof. Let X and Y be topological spaces and f : X — Y be a continuous
function. Let E be a connected subset of X. To show that f(F) is connected
subset of Y.

Assume for a moment that f(FE) is not connected subset of Y. Then there
exists disjoint nonempty open sets V4 and V5 in f(E) such that f(E) = V;UVA.
Let G; and G5 be open sets in Y such that V; = GiNf(F) and V, = GoNf(E).
Then we have

f(E) C Gy UG

so that
EC [THG) U [H(Ga),

and hence

E=[EnfHG)U[EN[T(G)).

Note that, since V; and V; are disjoint nonempty sets implies that EN f~1(G))
and E N f~1(G,) are are disjoint nonempty sets in E, contradicting the fact
that F is connected. [

Example 5.9 Let X = R with usual topology and Y be a discrete space.
Then the only continuous function from X to Y is the constant function:
Suppose f: X — Y is a continuous function. Then f(X) is connected, as X
is connected. Since Y is a discrete space, f(X) has to be a singleton set. Thus
f is a constant function. O

Theorem 5.10 Let A and B be nonempty connected subsets of a topological
space X such that AN B # @. Then AU B is connected in X.

This is a particular case of the following more general result.

Theorem 5.11 If{A, : a € A} is a family of connected subsets of a topological
space X such that (,cp Aa # D, then |J,cp Aa is connected.

Proof. Let g € [, Aa- Suppose Xg := [J,cp Aq is not connected. Then
there exists disjoint nonempty open sets V; and V5 in X, such that X, = V,UV5.
Let G1 and G4 be open sets in X such that Vi = G; N Xy and Vo = G N X.
Since Vi NV, = @, either o € V5 or g € V5, but not in both. Assume that
ro € V7.
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Now, let a € A. Then
A=A N(V1UV,) = (A NV U (A N V3), (%)

where A, NV, and A, N V5 are disjoint open sets in A,. Since A, is connected
and r¢ € A, NVj, we obtain A, NV = &. Hence, A, = A, NV; C V;. This is
true for every o € A. Hence

Xo=[J 4. SV C Xo.

acl
This is a contradiction to the fact that Vo # @. O
As an immediate corollary to Theorem 5.10, we have the following result.

Theorem 5.12 If Ey, E1, ..., E, are connected subsets of a topological space
X such that E;_1 N E; # @ fori=1,...,n, then |J;_, E; is connected.

A natural question one may ask is the following:

Suppose (E,) is a sequence of connected subsets of a topological
space X such that E, N E,+ # @ for every n € N. Is ,—, E,
connected?

We shall answer this question affirmatively by making use of the following
proposition.

Proposition 5.13 Suppose X is a disconnected topological space and (A, B)
is a separation of X. If E is a connected subset of X, then either E C A or
ECB.

Proof. Given that X = AUB, where A and B are disjoint nonempty open
subsets of X such that A = AU B. Then we have

E=(ENA)U(ENB). (%)

Note that £ N A and E N B are open in F, and they are disjoint as well.
Hence, by the connectedness of F,

ENA=gor ENB=a.

If ENA = @, then from (x), we see that E = FN B, so that £ C B. Similarly,
ENB =@ implies F C A. [

As a corollary to the above, we have the following.
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Theorem 5.14 Let X be a topological space. Then X is connected iff every
pair of points in X is contained in a connected subset of X.

Proof. Clearly, if X is connected, then every pair of points in X is con-
tained in the connected set X.

Conversely, suppose that every pair of points in X is contained in an con-
nected subset of X. We have to show that X is connected. Assume on the
contrary that X is not connected. Let (A, B) be a separation of X. Let x € A
and y € B. By hypothesis, there exists a connected set E containing both x
and y. By Proposition 5.13, either E C A or E C B. In particular, {z,y} C A
or {z,y} C B. It is a contradiction to the fact that A and B are disjoint and
the way z,y are chosen. [

Now, we state and prove the promised result.

Theorem 5.15 (Chain theorem) Suppose (E,) is a sequence of connected
subsets of a topological space X such that E, N\ E,.1 # & for every n € N.
Then \U,~, E,, connected.

Proof. By Theorem 5.14, it is enough to show that every pair of points in
X is contained in a connected subset of E := ]~ E,. So, let z,y € E. Then
there exists n,,n, € N such that v € E,, and y € E,,. Let N = max{n,,n,}.
Then

N
n=1

By Theorem 5.12, Ugil E,, is connected. Thus, we have shown that there is a
connected set containing {z,y}, completing the proof. [

Theorem 5.16 (Intermediate value theorem) Let X be a connected topo-
logical space and f: X — R be a continuous function (with usual topology on
R). Suppose x1,x5 € X be such that f(x1) < f(x2). Then, for every v € R
such that

flz1) <7 < fla),
there exists x € X such that

f(z)=1.

Proof. Let 7 € R be such that f(z;) < v < f(x3). Suppose there is no
x € X such that f(z) =~. Then we see that

X={reX: flzr)<ylu{reX: f(z)>n~}
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Since f is continuous, the sets A = {z € X : f(z) <7} and B = {z € X :
f(z) >~} are open sets. Clearly,

€A x3€B, ANB=02.

Thus, we arrive at a contradiction to the fact that X is connected. [J

We recall from real analysis that a subset of R is connected iff it is an
interval. Now, we prove an analogous result in R". First, let us recall that a
subset E of R™ is convex if the line segment joining any tow points in F is
contained in F, that is, for every z,y € E,

{(1—tz+ty:0<t<1} CE.

Theorem 5.17 FEvery convexr subset of R™ is connected with respect to the
usual topology on R™.

Proof. Let F be a convex subset of R". By Theorem 5.14, it is enough to
prove that every pair of points in F is contained in a connected subset of E.
So, let x,y € E. Let f:[0,1] = X be defined by

ft)=0—-t)xz+ty, tel0,1].
Then f is continuous and [0, 1] is connected, its range, namely, the set
F10,1]) ={Q -t)z+ty:0<t <1}

is connected. Since E is convex, {(1—t)z+ty: 0 <t <1} C E. Thus, f([0,1])
is a connected subset of F containing x,y. [

Theorem 5.18 Closure of a connected subset is connected.

Proof. Let E be a connected subset of a topological space X. We have to
show that E is connected. Assume, on the contrary that E is not connected.
Let (A, B) be a separation of E. Hence,

ECE=AUB=(ENG)U(ENG,)
for some open sets G; and G5. Hence,
E=(ENG) U(ENG,). (%)
Note that
ENGi#@ = ENG #9, ENG,#9 = FENG,+#a.

(If x € E N Gy, then the open set G, which contains a closure pint  of E
must contain some point of E.) Thus, (%) shows that E has a separation,
contradicting the connectedness of £. [
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More generally, we have the following.

Theorem 5.19 Suppose A is a connected subset of a topological space X and
B C X s such that -
ACBCA.

Then B is connected.

Proof. Suppose B is not connected. Let (B, Bs) be a separation of B.
Then there exist open sets G; and G5 in X such that

B =(BNG;)U(BNGy),
with B NGy and B N Gy are nonempty and disjoint. This implies
A=(ANG)U(ANG,),
Note that
BNGi#2 = ANGi#@ = ANG,#02.
Similarly,
BNGy#@ = ANGy#@ = ANGy# 2.

Hence, (AN Gy, ANGy) is s separation of A, contradicting the connectedness
of A. O

Theorem 5.20 A topological space is disconnected iff there exists a continuous
function from X onto a two-point set with discrete topology.

Proof. Let X be a topological space. Suppose X is disconnected. Then
there exists disjoint nonempty open subsets A and B such that X = AU B.
Let {0,1} be with discrete topology and f : X — {0, 1} be defined by

0, r€ A,
f(x):{ 1, z € B.

Then f is onto. Since A and B are also closed sets, by pasting lemma, f is
continuous.

Conversely, suppose f : X — {0,1} be a surjective continuous function,
where {0, 1} is endowed with discrete topology. Let

A={zeX:f(x)=0} and B={xe€ X: f(z)=1}.

Then A and B are nonempty open sets and X = AU B,. Hence, X is discon-
nected. [
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5.2 Totally disconnected space

Definition 5.21 A topological space is said to be totally disconnected if
singleton sets are its only connected subsets. O

Example 5.22 Every discrete space is totally disconnected. Indeed, if X is
a discrete space and F C X contains more than one elements, then for every
x € E, ({z}, £\ {z}) is a separation of E. O

Example 5.23 The topological spaces Q and R\ Q are totally disconnected
with respect to the induced usual topology. To see that QQ is totally connected,
let £ C Q contains more than one elements. Let x,y € E be such that x < vy,
and let r € R\ Q be such that z < r < y. Let G; = (—o0,r) and Go = (r, 00).
Then we have

E=(ENG)U(ENGs).

Note that £ NGy and E NG, are disjoint open subsets £ containing = and vy,
respectively. Hence, F is disconnected.

Analogously, it can be shown that every subset of R\ Q containing more
than one elements is disconnected. O

5.3 Path connectedness

For proving that every convex subset of R" is connected, what we have
actually done was that every pair of points in R™ can be joined by a straight
line segment and used theorem Theorems 5.8 and 5.14. Similar idea can be
used prove connectedness of more general sets in topological spaces, as the
following theorem shows.

Theorem 5.24 Let X be a topological space such that for every x,y € X, there
exists a continuous function f : [a,b] — X such that f(a) = x and f(b) = y.
Then X s connected.

Proof. Under the given assumption, we have to show that X is connected.
By Theorem 5.14, it is enough to show that every pair of points in X is
contained in a connected subset of X. So, let x,y € X. By the assumption on
X, there exists a continuous function f : [a,b] — X for some a,b € R with
a < b such that f(a) = x and f(b) = y. Since [a,b] is connected and f is
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continuous, the set f([a,b]) is connected in X with = = f(a) € f([a,b]) and
y = f(b) € f(]a,b]), and the proof is complete. [

Definition 5.25 Let X be a topological space and z,y € X. By a path from
x to y, we mean, a continuous function f : [a,b] — X such that f(a) =z and
f(b) =y, and in that case, we say that = and y are joined by a path. O

We observe that:
e If f:]a,b] = X is a path from z to y, then g : [a,b] — X defined by
gt)=fla+b—1t), te€la,b,
is a path from y to z.

Definition 5.26 A topological space X is said to be a path connected space
if any pair of points in X can be joined by a path in X. O

In view of the above two definitions, Theorem 5.24 can be re-stated as
follows.

Theorem 5.27 FEwvery path connected space is connected.

Ezxercise 5.28 Every convex subset of R" is path connected with respect to
the usual topology. <

Let X be a topological space and z,y € X. If f : [a,b] — X is a continuous
function such that f(a) = x and f(b) = y, then for any closed interval [c, d],
there is a continuous function ¢ : [¢,d] — X such that g(c¢) = = and g(d) = v.
This is seen as follows:

Consider the function h : [¢,d] — [a, b] defined by

—Yt—0¢), teled

h(t) =
(t)=a+-—

Then, h is a continuous function such that h(c) = a and h(d) = b. Now,
consider the function g := f o h, that is, g : [¢,d] — X defined by

g(t) = f(h(t))a te [07 d]'

Then g is continuous and it satisfies
g9(c) = f(h(c)) = fla) =z and g(d) = f(h(d)) = f(b) = y.

Thus, we have shown the following.
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Proposition 5.29 Let x,y be in a topological space X. If f : [a,b] — X is a
path from x to y and if h: [c,d] — [a,b] defined by

b—a

h(t) =
) =a+-—

(t—c), teled,
then g : [c,d] — X defined by
g(t) = f(h(t), t€lcd],

is also a path from x to y.

Proposition 5.30 Let X be a topological space and x,y,z € X. If there is a
path from x to y and a path from y to z, then there is a path from x to z.

Proof. Let f : [a,b] — X and g : [a,b] — X be paths from x to y and y
to z, respectively. Then, by Proposition 5.29, there are paths

fi:00,1] = X and fy:[1,2] = X
from = to y and y to z, respectively. Next, define ¢ : [0,2] — X by

A i te01]
g(t):{ Rt ifte.

Since f; and f; are continuous functions defined on closed subsets of R (with
respect to the usual topology) and fi(1) = fo(1) = y, by pasting lemma
(Theorem 4.29), g is continuous. Also, we have g(0) = x and ¢(2) = z. Thus,
g is a path from z to z. [

1
2

e Converse of Theorem 5.27 is not true, as the following example shows.

Example 5.31 (See Munkres: Example 6, Sec. 2.4, Chapter 3.)
Let X = R? with usual topology, and let

E ={(z,sin(l/x)): 0 < x < 1}.

Note that E is connected, as it is the continuous image of an open interval.
Hence, we know that its closure £ is connected. We show that £ is not path
connected.

Note that £ = EUF, where F = {(z,y) € R? : 2 =0, -1 <y < 1}. We
show that there is no path from the origin to any point E. For this, assume
on the contrary that there is a continuous function f : [a,b] — F such f(a) is
the origin and f(b) is a particular point in E. Consider the the set

J=A{t€la,b]: f(t) € F}.
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Since J is closed and bounded, it has a maximum in J, say ¢ = max.J. Now,
consider the restriction map f : [¢,b] — E. Note that f(¢) € F and f(b) € E.
Let us assume, without loss of generality, that [c, b] = [0, 1], and write

f@)=(z(t),yt), 0<t<1L

Then, we have 2(0) = 0 and for 0 < ¢ < 1, y(t) = sin(1/z(t)). Our idea is to
find a sequence (t,) in the open interval (0, 1) such that ¢, — 0, but (x(¢,))
does not converge, which would contradict the continuity of f at 0. For this,
for n € N, let s, such that 0 < s, < z(1/n) and sin(1/s,) = (—1)". Since z(-)
is continuous, there exists t¢,, such that

1
0<t,<— and z(t,) = s,
n
Thus, we have t,, — 0 but (y(t,)) does not converge. O

Remark 5.32 The set E in Example 5.31 is called the topologist’s sine curve.
O

Theorem 5.33 Let A and B be path connected subsets of a topological space
such that AN B # @. Then AU B is path connected in X .

Proof. Let x,y € AU B. Suppose both x and y are either in A or in B.
Since A are path connected, it follows that there is a path joining x and y.

Next, suppose that x € A and y € B. Let z € AN B. Since z,z € A, there
is a path from x to z, and since z,y € B, there is a pat from z to y. Therefore,
there is a path from = to y. [

Corollary 5.34 Let {E, : « € A} be a family of path connected subsets of
a topological space X such that (),cp Ea # @. Then E = ] .5 Fa is path
connected.

a€eA aEA

Proof. Let xp € (,cp Fa, and let 2,y € B := J,cp Pa- Let 8,7 € A be
such that € Ag and y € A,. Since zp,x € AB and xp,y € A,, and since Ag
and A, are path connected, there is a path in Az from z to zy and there is a
path in A, from z to y. In particular, there is a path in E from x to z, and
there is a path in F from z( to y. Hence, there is a path in F from z toy. [

The following two theorems are also immediate consequences of Theorem
5.33, and the details of their proofs are left as exercises.

Theorem 5.35 Let Ey, 1, ..., E, be path connected subsets of a topological
space X such that E;_y N E; # & for i € {1,...,n}. Then ., E; is path
connected.
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Theorem 5.36 Let (E,) be a sequence of path connected subsets of a topolog-
ical space X such that E, N E,+1 # @ for every n € N. Then J;=, E; is path
connected.

We have seen that R \ Q is totally disconnected with respect to the usual
topology (see Example 5.23). What about its counter part in R*? However,
the set

E={(z1,20) €ER*: 21,20 € R\ Q}

is connected; in fact, path connected. Here are the details:

Let z,y € F with o # y. Consider the straight line segment in R?
joining x and y and the straight line L perpendicular to it. for each
z € L, consider the path f, : [0,1] — R? joining z to y consisting
of the straight line segments joining = to z and z to y. Clearly,
{f. : z € L} is an uncountable family of paths joining x to y. Since
Q is countable, there is at least one path, say f,, for some z, € L
such that its range lies entirely in F.

Thus, we have shown that for every pair of points z,y € F, there exists a path
in F joining x and y. In other words, E is path connected.



Chapter 6

Compact Space

The notion of a compact space is already familiar in the context of metric
spaces, where it neatly captures the essence of finiteness in a geometric setting.
However, this property can be generalized to the broader framework of general
topological spaces. By abstracting compactness using open covers rather than
metrics, we can preserve and extend many foundational results from real anal-
ysis and Euclidean geometry. This chapter explores how compactness serves as
a powerful bridge, allowing us to generalize properties like boundedness and
convergence to spaces that lack any notion of distance.

6.1 Definition and implications

Definition 6.1 Let X be a topological space and F C X. A collection G of
subsets of X is called a cover of E if F is contained in the union of members
of G. A cover of E which consists of open sets in X is called an open cover

of F. O

Definition 6.2 A topological space X is said to be a compact space if every
open cover of X contains a finite sub-collection which is also a cover of X. ¢

Definition 6.3 A subset of a topological space is said to be compact if it is
a compact space as a subspace. O

Theorem 6.4 Let X be a topological space and EE C X. Then E is a compact
set iff for every family of open sets in X which covers E contains a finite
sub-collection which also covers E.

Proof. Suppose E is compact. Let {G, : a € A} be a family of open sets
in X which covers FE, that is, £ C U G,. Then

acel

E:Em(UGa> - UEnGa.).

aeA aceA

75
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Thus, {E£ NG, : o € A} be a family of open sets in £ which covers E. Since
E' is compact, there exists aq,...,a, in A such that

n

E=|J(EnG,).

i=1
Thus, E C |J;_, Ga,. Thus, we have proved that every family of open sets in
X which covers E contains a finite sub-collection which also covers E.

Conversely, suppose every family of open sets in X which covers E contains
a finite sub-collection which also covers . We have to prove that F is compact.
For this, let {V,, : @ € A} be a family of open sets in X which covers E, that

is, £ = U V.. Since each V,, is open in E, there exists open set GG, in X such
a€A

that V, = F N G,. Thus, we have

E=JVa=JENG.) C |G

a€A a€A acl
By assumption, there exists o, ..., a, in A such that £ C |J;; G,,. Thus,
n n
E=En <UG%> =UJEnG.,) = Va.
i=1 i=1 i=1

Thus, we have proved that every family of open sets in E which covers E
contains a finite sub-collection which covers F, showing that F is compact. [J

The following can be verified easily (Exercise):

e Every finite subset of a topological space is compact.
e The set Z is not compact in R with respect to the usual topology.

e With respect to the usual topology on R, the set £ = {1/n : n € N} is
not compact, whereas the set £'U {0} is compact.

e With respect to the usual topology on R, every open interval is non-
compact.

Example 6.5 Every subset of a co-finite topological space is compact. Let X
be a co-finite topological space and A C X. We know that A is closed iff A
is a finite set. Let G be an open cover of A. Let o € A and let Gy € G be
such that o € Gy. If A C GGy, then there is nothing to prove. So, assume that
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A & Gy. Then Gf is a finite set. Let AN G§ = {z1,...,x;} for some k € N.
Let Gi,...,Gy in G be such that z; € G for j =1,...,k so that

k
ANGs={x,...,z} € |G
j=1

k

Then we have A C Go U U (G;. Thus, we have shown that G has a finite
j=1

sub-collection which covers A. O

The above example shows that:

In a topological space, every compact set need not be a closed set.

Look at the following examples too:

1.

We have already seen in Example 6.5 that an infinite subset of a co-finite
topological space is compact but not closed.

In every indiscrete space with more than one elements, singleton sets are
compact, but not closed.

On the set X = {a,b,c}, consider the topology T = {9, {a},{a,b,c}}.
We observe that the set {b} is compact, but not closed.

On the set R, consider the topology 7 := {(a,00) : @ € R} U {@,R}.
With respect to this topology, singleton sets are compact, but not closed.

. For z = (21, 23) € R? and r > 0, let

B(z) = {(y1,y2) € R*: |zp — yo| <7}

Let 7 be the family of all subsets A of R? such that, for every = € A,
there exists r > 0 such that B.(x) C A. Then, T is a topology on R?
(Verify). With respect to this topology, singleton sets are compact, but
they are not closed.

The topological spaces in the above examples are not Hausdorff. This raises
the following question:

e Are compact subsets of a Hausdorff space closed?
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Then answer is in the affirmative, as the following theorem shows.

Theorem 6.6 Every compact subset of a Hausdorff space is closed.

Proof. Let X be a Hausdorff space and K be a compact subset of X. To
show that K is closed. That is to show that K¢ is open. For this, it is enough
to show that every point in K¢ is an interior point. So, let x € K¢. Since X is
Hausdorff, for every y € K, there exist open sets U, V,, such that

xelU,, yeV, UnNnV,=a.

Note that {V} : y € K} is an open cover of K. Since K is compact, there exists
Y1, ..., Yy in K such that

KcV:=[]JV,.
i=1
Then, we have
relU:= ﬂ Uy,
i=1
Since Uy, N'V,, = @, we have U N'V,, = @. This is true for each i = 1,... n.
Hence, U NV = @&. This implies U N K = @ so that U C K*¢. Thus, for each

xr € K¢ we obtain an open set containing x and contained in K¢, showing that
K¢ is an open set. []

Corollary 6.7 FEvery compact subset of a metrizable space is closed.

While proving Theorem 6.6, we have actually proved the following theorem.

Theorem 6.8 Let X be a Hausdorff space, K be a compact set and x € X
such that x ¢ K. Then there exist disjoint open sets containing x and K,
respectively.

Theorem 6.9 If K| and Ky are two disjoint compact sets in a Hausdorff space
X, then there exist disjoint open sets containing Ki and Ks, respectively.

Proof. By Theorem 6.8, for each z € K7, there exist disjoint open sets U,
and V, such that
x € UZ, K2 g ‘/:r

Then{U, : x € K;} is an open cover of Kj. Since K is compact, there exist
x1,...,T, in K7 such that

mgUFOQf

=1

Let V =\, Vi, Then U and V are disjoint open sets containing K; and Ko,
respectively. [
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Theorem 6.10 FEvery compact subset of a metric space is bounded.

Proof. Let X be a metric space and F be a compact subset of X. For any
given r > 0, we have

E C U B(z,r).

z€FE
Since E is compact, there exists xi,...,z, in E such that F C U B(z, ).

i=1
Hence, for any x,y € E, there exists k,¢ € {1,...,n} such that

r € B(xy,r), y€ B(x,r).
Hence,
d(z,y) < d(z,zy) + d(zg, x0) + d(xe,y) < v+ d(xg, z) + 1

Hence,
d(z,y) < 2r + max{d(z;,z;) : 4,7 € {1,...,n}}.

Hence, E' is bounded. [
By Corollary 6.7 and Theorem 6.10, every compact subset of a metric space
is closed and bounded. However, a closed and bounded subset of a metric space

need not be compact. A simple example is the discrete metric space on an
infinite set. Here is another simple example.

Example 6.11 Let X = (0, 2] be with usual metric. Then the set E = (0, 1]
is closed and bounded, but not compact. O

However, we have the following theorem.

Theorem 6.12 Let X be a topological space and Xy be a subspace of X. Let
E C Xy. Then, E is compact in Xy iff E is compact in X.

Proof. Suppose E is compact in Xy. We show that E is compact in X.
For this, let G be a family of open sets in X that covers E. Let

go = {GOXOGEQ}

Then Gy is a family of open sets in X, that covers E. By hypothesis, there
exists a finite sub-collection of G, that covers E. This finite sub-collection is
of the form {G1 N Xy, ...,G, N Xy} for some Gy,...,G, in G. Hence,

=1

=1
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Thus, we obtained a finite sub-collection of G that covers F.

Conversely, suppose E is compact in X. We show that F is compact in
Xp. For this, let V = {V,, : @« € A} be a family of open sets in X, that covers
E. We know that for each o € A, there exists an open set GG, in X such that
Vo = G4 N Xo. Then, we see that, {G, : a € A} is a family of open sets in X
that covers E. Since F is compact in X, there exist aq, ..., a, in A such that
E C |}, G,,. Hence,

(_] (G X0) = Vi
i=1 i=1

Thus, we have proved that the cover V consisting of open sets in X has a finite
sub-scollection that also covers E. Consequently, E is compact in X,. [

Theorem 6.13 FEwvery closed subset of a compact space is compact.

Proof. Let X be a compact topological space and C be a closed subset
of X. Let G be an open cover of C. Since Gy := X \ C is open, the set
{Go} U{G : G € G} is an open cover of X. Since X is compact, there exist
G1,...,G, in G such that

n

X =Gy U (UGZ).

1=1

Hence, G N (UG) = @, so that C = G C U G;. Thus, the open cover

GofC contams a finite sub-collection which also covers C, showing that C' is
compact. [

6.2 Continuity and compactness

Theorem 6.14 Continuous image of a compact set is compact.

Proof. Let X and Y be topological spaces, f : X — Y be a continuous
function, and E be a compact set in X. To show that f(F) is compact. For
this, let G be an open cover of f(FE). Then we see that

A={f1G):Geg}

is an open cover on E. Since E is compact, there exists G1,...,G, in G such
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that £ C U ! . This implies that f(E U G;. Thus, the open cover

=1
G of f(F) contams a finite sub-collection which also covers f(E). Hence, f(E)

is compact. [

Corollary 6.15 Let X be a topological space and R be with usual topology. Let
E be a compact subset of X and f : X — R be a continuous function. Then,
there exists x1,x9 € E such that

flar) < fx) < flzz) Veek.

Proof. Since X is compact, by Theorem 6.14, f(F) is a compact subset
of R. In particular, f(F) is closed and bounded, and hence there exists u, v €
f(E) such that

w=inf f(E), v=supf(E).

Since u,v € f(F), there exists x1,xy € E such that f(z1) = u and f(xs) = v,
which completes the proof. [

We have seen examples of bijective continuous functions (see, e.g., Example
4.43 and Example 4.45) which are not homeomorphisms. However, if the do-
main space is compact and the co-domain space is Hausdorff, then such maps
are homeomorphisms. More precisely, we hae the following theorem.

Theorem 6.16 Every bijective continuous function from a compact space onto
a Hausdorff space is a homeomorphism.

Proof. Let X be a compact space and Y be a Hausdorff space, and let
f X — Y be a bijective continuous function. It is enough to show that f is
a closed map. For this, let C' be a closed set in X. Then, by Theorem 6.13,
C' is compact in X. Hence, by Theorem 6.14, f(C) is compact. Since X is
Hausdorff, by Theorem 6.6, f(C') is closed in Y. This completes the proof. [J

An application of Theorem 6.16

Let X and Y be topological spaces and F' : X — Y be a continuous
function. Suppose for every y € Y, there exists a unique = € X such that

Fa)=y. (+)

Now, suppose (y,) is a sequence in Y such that y, — y for some y € Y. For
each n € N, let z, € X be such that F(z,) = y,. One would like to know
whether z,, — x. Theorem 6.16 shows that the answer is in the affirmative if
X is compact and Y is Hausdorff.

If X and Y are metric spaces with metrics d and p, respectively, with
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X compact, and if F' : X — Y is a continuous function, then the above
consideration shows that small error in y can lead only lead to small error
in the solution z. In other words, the solution of the equation (%) depends
continuously on the data y.

6.3 Finite intersection property

Theorem 6.17 (Finite intersection property) Let A := {K, : « € A} be
a family of non-empty compact subsets of a Hausdorff topological space X such
that intersection of any finite subcollection of A is nonempty. Then [, cp Ko
18 non-empty.

Proof. Suppose (),cp Ko = @. Let ag € A and Ag = A\ {ap}. Then we
have

Koy € () Ka) = O Ke.

a€lg a€hp

Since X is Hausdorff, K, is closed for every a € A, so that the above inclusion
shows that {K¢ : a € Ag} is an open cover of the compact set K,,. Hence,
there exist aq,...,ay in Ag such that

N

Hence, K,, N (ﬂ Kai> = @. This is a contradiction to the fact that intersec-
i=1

tion of any finite sub-collection of A is nonempty. [J

Corollary 6.18 Let (K,) be a sequence of non-empty compact subsets of a
Hausdorff topological space X such that K, O K,.1 for all n € N. Then
N~ K, is non-empty.

Proof. Suppose (2, K,, = @. This implies

K, C (ﬁKn)C: GKg.
n=2 n=2

Since X is Hausdorff, K, is closed for every n € N so that the above inclusion
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shows that {K.,, : n € N} is an open cover of the compact set K. Hence,

there exists N € N such that

N N B
mgLﬂqz(ﬂKﬁ.
n=2 n=2

Hence,

N N
KN:ﬂA;:mm(ﬂKQ:Q.

This is a contradiction to the fact that K, # @ for alln e N. [

Remark 6.19 We may recall from real analysis that if (F},) is a sequence of
non-empty closed sets in a complete metric space X such that F,, O F,, for
all n € N, then (2, F,, # @. O

6.4 Compact subsets of R

We assume throughout this subsection that R is with usual topology.
Theorem 6.20 For a,b € R with a < b, the closed interval [a,b] is compact.

Proof. Let G be an open covering of [a, b]. Let
S ={y € [a,b] : [a,y] is covered by a finite subcollection of G}.
Note that a € S and S is bounded above. Hence,
b :=supS < oo.

We first show that § € S. For this, first observe that there exists G € G such
that § € G. Hence, there exists a € [a, §) such that («, 5] C G. Therefore, by
the definition of supremum, there exists y € S such that

a<y<p.
Since
[a, B] = [a,y] U [y, B],
where y € S and [y, 5] C G, it follows that 5 € S.

Now, it is enough to show that 5 = b. To show this, assume the contrary
that 8 < b. Let Gy € G be such that § € Gg, and let t € [§,b) be such that
[8,t] € Gy. Since

[a,t] = [a, Bl U [B,1],
it follows that ¢t € S. This is a contradiction to the fact that 5 =supS. [
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Theorem 6.21 Fvery closed and bounded subset of R is compact.

Proof. Let E be a closed and bounded subset of R. Since E is bounded,
there exists E C [a,b] for some a,b € R with a < b. Since [a, b] is compact,
and since closed subset of a compact set is compact, we obtain that E is
compact. [l

We already know that every compact subset of a Hausdorff space is closed.
Also, every compact subset of a metric space is bounded. Hence, we obtain
the following.

Theorem 6.22 A subset of E of R is compact with respect to the usual topology
iff it is closed and bounded.

Remark 6.23 We shall see that, a subset of E of R™ is compact (with respect
to the usual topology) iff it is closed and bounded. O

6.5 Locally compact space

Definition 6.24 A topological space X is said to be a locally compact
space if every point in X has an open neighbourhood contained in a compact
subset of X. O

e A topological space X is locally compact iff for every € X, there exists
open set V' and a compact set K such that

reV CK.

Here is a characterization of locally compact spaces.

Theorem 6.25 Let X be a Hausdorff space. The X is locally compact iff every
point in X has an open neighbourhood whose closure is compact.

Proof. Suppose X is locally compact and z € X. Suppose V is an open
set and K Is a compact set such that x € V' C K. Since X is Hausdorff, K is
closed so that V C K. Being a closed subset of a compact set, V' is compact.

The converse is obvious. [

Example 6.26 The following statements can be easily verified (Exercise).
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1. Every compact space is locally compact.
2. Every discrete space is locally compact.

3. With respect to the usual topology, the spaces R, Z,N are locally com-
pact, but not compact.

4. With respect to the usual topology, every nonempty open subset of R"
is locally compact, but not compact. O

Example 6.27 With respect to the usual topology, the spaces Q and R\ Q
are neither compact nor locally compact. First let us show that Q is not locally
compact. To see this, let © € Q. Suppose there exists an open set V' in Q such
that z € V and clg(V) is compact in Q. Let G be an open set in R such that
V=GNQ, and let a,b € R\ Q such that a < b and

r€(a,b)NQCGEGNQCV.

Note that U := (a,b) NQ is a closed subset of Q and ¢l g(U) C clg(V). Hence,
clg(U) = U is compact in Q. Hence, U is compact in R as well, which is not

true, as compact subset of R are closed and bounded in R, but U is not closed
in R. O

The conclusion in the above example also follows from the following general
result.

Theorem 6.28 Let X be a Hausdorff space and X be a locally compact dense
subspace of X. Then Xy 1s open in X.

Proof. Let x € Xy. We show that there exists an open subset of X con-
taining x and contained in Xy, that will complete the proof.

Since X is locally compact, there exists a compact set K C X, and an
open set V' in X, such that
reV CK.

Since V' is open in Xy, there exists an open set G in X such that V =GN X,.
We show that G C X,. In fact, we show that G C G N X so that

GCGNX,=VCK=K,

where the last equality follows, since K is a compact subset of a Hausdorff
space. For showing G C G N X, let y € G and let H be an open subset of X
containing y. Since H N G is open set containing y and X is dense in X, we
have H NG N Xy # @. That is, the open neighbourhood H of y contains some
point from G N Xj. Hence, y € G N Xy. [

e The dense subspaces Q and R\ Q of R (with respect to the usual topol-
ogy) are not open in R, and hence are not locally compact.
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6.6 One-point compactification

We know that the topological space X = (0, 1] with usual metric is a locally
compact Hausdorff space which is not compact. Now, if we add one point to
it, we obtain a compact space Y = [0, 1] with the usual topology. Note that X
is dense in Y.

Given a locally compact Hausdorff space X which is not a compact space,
can we obtain a compact space in which X is a dense subspace?

For example, consider the space X = (0,1), which is a locally compact
Hausdorff space, which is not compact, with respect to the with usual topology.
Let us consider the set

Y =XU{p}, p:={01}

Consider the topology on Y for which the base consists of all open sub-intervals
of (0,1) together with sets of the form Y\ [a, b] for a,b € (0,1). Then, it can
be seen that, with this topology, Y is a compact Hausdorff space. Also, since
every set of the form Y \ [a,b] for a,b € (0,1) contains points from X, X is a
dense subspace of Y.

The above method can be adopted to obtain a compact Hausdorff space
out of any locally compact Hausudorff space, as described in the following
theorem.

Theorem 6.29 (One-point compactification) Let (X, Tx) be a locally
compact Hausdorff space which is not compact and let Y = X U {p}, where
p & X. Let Ty be the family of all those subsets A of Y such that either

A€ Tx or A=Y \ K for some compact subset K C X or A=Y . Then, Ty
15 a topology on Y such that

(i) (Y, Ty) is a compact Hausdorff space and

(ii) X is a dense subspace of Y.

Proof. It can be easily seen that 7y is a topology on Y. To show that Y
is compact with respect to this topology, let {G,, : @ € A} be an open cover of
Y. If Y = G, for some € A, then, there is nothing to prove. So, assume that
Go # Y for all @ € A. Let ag be such that p € G,,. Then G,, = Y \ K for
some compact K C X so that Y \ G,, = K. Since K is also compact in Y,
there exist o, ..., a, € A such that K C |J;_; G,,. Thus,

Y =KUY \K)C (OG)UGQO,
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showing that (Y, 7y ) is a compact space.

To see that Y is Hausdorft, it is enough to show that for each x € X, there
are disjoint open sets in Y containing x and p, respectively. Since X is locally
compact, there exists a compact set K C X and an open set V' C X such that
x € V C K. Then Y \ K is an open set in Y containing p which is disjoint
from V.

To show that X is dense in Y, it is enough to note that every open neigh-
bourhood of p is either Y or it is of the form Y \ K for some compact K C X.
Since X is not compact, (Y \ K)NX #@. O

Definition 6.30 Let (X, 7x) be a locally compact Hausdorff space which is
not compact. Then the space Y obtained as in Theorem 6.29 is called the
one-point compactification of X. O

We have already seen some examples of one-point compactification in the
beginning of this section. Here are a few more. The reader is urged to work
out the details.

Example 6.31 The one-point compactification of X := {1/n : n € N} is
homeomorphic with X U {0}. O

Example 6.32 The one-point compactification of R is homeomorphic with
the circle S*. O

Example 6.33 The one-point compactification of R? is homeomorphic with
the unit sphere S? := {(z,y,2) € R®: 22 + y* + 2% = 1}. O

Example 6.34 The one-point compactification of C is homeomorphic with
the Riemann sphere C U {oc}, obtained as in stereographic projection. O






Chapter 7

Product Topology and Quotient Topology

In this chapter, we shall define a topology on the Cartesian product of topo-
logical spaces using the topologies on the individual spaces in such a manner
that the projections onto the factor spaces are continuous. We shall see that
topological properties such as connectedness and compactness are preserved in
the product space as well. Finally, we shall consider new spaces, called quotient
spaces, formed by gluing together parts of the original spaces.

7.1 Product topology
7.1.1 Finite product of topological spaces

Let {(X;,T;) : i = 1,...,n} be a family of non-empty topological spaces
and and let X be the Cartesian product of Xy,..., X, that is,

X=X; x--xX,,
which is also denoted by []_, X;. We observe that the family
V={Vix---xV,:Viopenin T;,i=1,...,n}
is closed under finite intersections. Hence, V is a base for a unique topology.
Definition 7.1 The topology for which
Vi={Vix---xV,:Vopenin T;,i=1,...,n}
is a base is called the product topology on [[\, X;. O
e Let X,..., X, be topological spaces. A subset A of X := [[I_, X; is

open with respect to the product topology on X iff for every x € A, there
exists open sets V; in X; for7i=1,... ,nsuchthat z € Vi x-.-xV,, C A.

The proof of the following theorem is obvious from the definition of a product
topology.

89
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Theorem 7.2 Let Xy,...,X, be non-empty topological spaces and X be their
product space. Then, for each i =1,...,n, the map m; : X — X, defined by

mi(r) =z, x:=(11,...,1,) € X,

15 continuous and surjective, and the product topology on X 1is the weakest
topology such that wy, ... T, are continuous.

Proof. Let us show the conclusions one by one.

(1) Each m; is surjective: Fix ¢ € {1,...,n} and let y € X;. For j €
{1,...,n}, let x; € X; be such that z; = y. Then

mi(T1, .. xn) = V.
(2) Each ; is continuous: Fix i € {1,...,n} and let G be open in X;. Then

T (G) = Vi x - x Vi,

1

where V; = G and V; = X for j # 1.

(3) The product topology on X is the weakest topology such that 7y, ...,
are continuous: Let 7 be any topology on X such that 7, ..., are continuous.
Then 7 must contain sets of the form 7; '(G), where G open in X; and i €
{1,...,n}. Hence the product topology on X is weaker than 7. [

Definition 7.3 The maps 7; in Theorem 7.2 are called projection maps. ¢
Example 7.4 Let X; = R for ¢« = 1,...,n with usual topology. Then the
product topological space X := []'_, X; is nothing but R™ with usual topology.
For this topology, the set of all sets of the from [}, (a;, b;) forms a base. ¢
7.1.2 Finite product of connected and compact spaces

Theorem 7.5 Product of a finite number of connected spaces is connected.

Proof. It is enough to show that the product of two connected spaces is
connected.

Let X and Y be connected topological spaces. We show that X x Y is
connected. For this, let us fix an element (zq,y0) € X X Y, and consider the
subspaces X X {yo} and and for each x € X, the subspace {z} x Y. Note that

L X XY =U,ex Zey Zo= X x{y})U({z} xY),

2. (z,90) € (X x {yo}) N ({z} xY) Vuz€ X,
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3. (zo,y0) € Z, for every z € X.

Now, since X x {yo} and {z} x Y are homeomorphic with the connected
spaces X and Y, respectively, and (z, ) is a common point in these spaces,
the subspace Z, is conencted for each z € X. Also, since (xg,yo) € Z, for each
x € X, their union X X Y is connected. []

For the proof of the next theorem, we shall make use of the following

lemma, known as tube-lemma'.

Lemma 7.6 (Tube lemma) Let X and Y be topological spaces and xq € X.
If Y is compact and if A is an open subset of X X Y containing the slice
{zo} XY, then A contains the tube G X Y, where G an open neighbourhood of
xo-

Theorem 7.7 (Special case of Tychnoff’s theorem) Product of a finite
number of compact spaces is compact.

Proof. It it enough to prove for the case of n = 2. So, let X and Y be
compact topological spaces, and X x Y be with product topology. Let G be an
open cover of X x Y. For each = € X, since {z} X Y is compact, there exists
Gz1,...,GE in G such that

k
{z} xY c G
=1

By the tube-lemma, there exists a tube V,, x Y with V, is an open neighbour-
hood of = such that

k
{z} xY CV,xY C| G ()
i=1
Thus, V, x Y is covered by a finite sub-collection of G. Now, the space {V} :
x € X} is an open covering of X. Since X is compact, there exists xq,...,xy

¢
in X such that X C U ij. Hence

j=1
¢
X xY = ]J(v,, xY),
j=1
where each V,, x Y is covered by a finite number of members of G, as per ().

Thus, we have proved that the open cover G of X x Y contains a sub-
collection which also covers X x Y. [

IFor its proof, see “Topology: A First Course” by J.R. Munkres
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7.1.3 Infinite product of topological spaces

Next suppose we have a countably infinite collection of topological spaces,

say (X;,7;) for i € N. Consider the Cartesian product X := HXZ"

=1

o [[Z, X, is the set of all sequences of the form (z1, s, ...) with z,, € X,
for n € N. In other words, [[;2, X; is the set of all functions from N to

U;')il Xi.
For each n € N, let 7, : [[;2; X; — X,, defined by
() = xp, x:= (21,29,...).
Let
S :={m,'(G):G€T, neN}L

e The topology on [[2, X; generated by S is the weakest topology such
that each m, is continuous.

Definition 7.8 The topology on [[;-, X; generated by
S:={r'(G):GeT,necN}
is called the product topology on [[°; X;. O

e Let V be the collection of all finite intersections of members of S. Then
V is the family of all sets of the form [];°, Vi, where each V; is open in
X; and V; = X, except for a finite number of i’s, and this V is a base for
the product topology on [[;2, X;.

Definition 7.9 Let A be a non-empty set and for each a € A, let X, be a
non-empty set. Then the collection of all functions f : A — (J ., Xa such that
f(a) € X, for each @ € A is called the Cartesan product of X,, a € A,
and this Cartesian product is denoted by [] .\ Xo- An element f € [0, Vi
is usually denoted by (x,) or (£4)aeca With the understanding that z, = f(«)
for a € A. O

Remark 7.10 The fact that the Cartesian product [] ., Xo is nonempty is
guaranteed by axiom of choice. O

Now, suppose that, for each a € A, (X,,7,) is a topological space. For
cach 8 € A, let mg : [[,cn Xa = X be the function defined by

7T5<.CE) =Tg, = (xa)aeA~

This 74 is called a projection map onto the factor space Xg.
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Definition 7.11 Let {(X,,7.) : @ € A} be a family of topological spaces.

Then the topology on [, ., Xa generated by

S = {W/gl(G):GE'ﬁ;, e A}

is called the product topology on [] ., X. O

e The product topology on [].,., Xa is the weakest topology such that

each mg is continuous.

acl

e V be the collection of all sets of the form []>, , Vi, where each V, is open
in X, and V, = X, except possible for a finite number of a’s. Then V
is a base for the product topology on [] ., X

We state the following twp theorems. For their proof, the reader may refer

the books given in the references.

Theorem 7.12 If {X, : a € A} is a family of connected spaces, then the
product space H X, 18 connected.

acl
Theorem 7.13 (Tychonoff’s theorem) If {X, : a € A} is a family of

compact spaces, then the product space H X4 18 a compact space.
a€A

We may define another topology on [],., Xo which seems more natural
than the product topology, the so called box topology.

Suppose that, for each a € A, (X,,7,) is a topological space, and let U
be the collection of all sets of the form Hae A Va, where each V,, is open in
X,. Then U contains []°, , X, and it is closed under finite intersections, and

hence U is a base for a unique topology on [], ., Xa.

Definition 7.14 The topology on [] ., X4 for which

a€EA

—{IIVve:Vae T}

aEA
is a base is called the box topology on [] ., X« O
e Box topology is stronger than the product topology.

e If A is a finite set, then product topology and box topology on the prod-
uct set is the same.

e Box topology on the Cartesian product of an infinite number of connected
spaces need not be connected (proof required!).
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7.2 Quotient topology

7.2.1 Quotient map and quotient topology

Recall from Theorem 4.61 that, given a topological space (X, Tx), a set YV
and a function f: X — Y,

Ty ={ACY: f(A) eTx}

is a topology on Y, and it is the strongest topology on Y with respect to which
f is continuous.

Definition 7.15 Let X and Y be topological spaces and f : X — Y be a
surjective function . Then f is said to be a quotient map if the topology on
Y is determined by f, and in that case, we say that the topology on Y is the
quotient topology induced by f. O

Example 7.16 Let Xi,..., X, be topological spaces and X := [['_, X; be
the corresponding product space. Then, for each i = 1,...,n, the projection
map 7; : X — X; is a quaotient map. O

e A quotient map need not be open or closed, as the following examples
show.

Example 7.17 Consider the function f : [0,27) — S defined by
f(z) = (cosx,sinz), x € [0,2m).

Then it can be seen that the quotient topology on S* induced by f is the usual
topology on it. Note that f is neither an open map nor a closed map. Indeed,
[0, 7) is open in [0, 27) but not open in S, and [r, 27) is closed in [0, 27), but
not closed in S*. O

Example 7.18 Let f : R?> — R be defined by f(z,y) = 2. Then f is a quotient
map which is open but not a closed map. Clearly, image of every open set in R?
is open in R, so that f is an open map. If we take A = {(x,y) € R? : zy = 1},
then we see that A is a closed set in R?, but its image R \ {0} is not closed in
R, so that f is not a closed map. O

However, we have the following result.
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Theorem 7.19 Let (X,7x) and (Y,Ty) be topological spaces. Suppose f :
X — Y s a surjective continuous function. If f is open or closed, then f is a
quotient map.

Proof. (i) Suppose f is an open map. We have to show that if A C Y,
then A € Ty iff f71(A) € Tx. Solet A C Y. Since f is continuous,

AeTy = f 1A eTx.
Next, suppose f~}(A) € Tx. Since f is an open map, f(f *(A)) € Ty. Since
f is surjective, we have? A = f(f~!(A)). Thus, A € Ty
(ii) Suppose that f is a closed map. We have to show that if A C Y, then
A€ Ty iff f71(A) € Tx. Solet A CY. Again, since f is continuous,
AeTy = fY4)eTx.

Now, let f~'(A) € Tx. Then f~'(A°) = [f~'(A)]° closed in X. Since f is a
closed map, f(f'(A°)) is closed in Y. Since f is surjective, f(f~1(A°)) = A°.
Thus, A° closed, so that A € Ty. O

7.2.2 Quotient space

Let X be a set and ~ be an equivalence relation on X. Let X := X/ ~ be
the corresponding quotient set, that is, the family of all equivalence classes.
Let ¢ : X — X be the canonical map defined by

q(z) =[z], zeX,
where [x] denotes the equivalence class of x. Then ¢ is a surjective map.

Definition 7.20 Let X be a topological space and ~ be an equivalence relation
on X. Then the topological space X/ ~ with quotient topology induced by
the canonical map ¢ : X — X/ ~, defined by

Q(m) = [Q}], r e X,

is called the quotient space of X corresponding to the given equivalence
relation ~. O

Does every quotient map give rise to a quotient space?
The answer is in the affirmative, as the following consideration shows.

Let X and Y be a topological spaces, and f : X — Y be a quotient map.
For z,u € X, define

2ye A = y= f(z) for some z € f71(A) < y e f(f1(A)).
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Then, it can be seen that, ~ is an equivalence relation, which gives rise to the
quotient space X/ ~. We show that Y is homeomorphic with X/ ~. For this
purpose, we shall make use of the following lemma.

Lemma 7.21 Let XY and Z be topological spaces, f: X — Y be a quotient
map, g : X — Z be a continuous function, and h :'Y — Z be such that
ho f=g. Then h is continuous.

Proof. Let V C Z. Since f is a quotient map and h o f = g, we have
h='(V)openin Y <= f'(h"*(V)) openin X <= ¢ (V) open in X.
Hence, using the fact that g is continuous, we obtain h is continuous. [

Theorem 7.22 Let X and Y be topological spaces and f : X — Y be a
quotient map. Let ~ be the equivalence relation on X induced by f and let the
quotient set X = X/ ~ be endowed with the quotient topology induced by the
canonical map q : X — X. Then the function ¢ : X — Y defined by

15 a bijective homeomorphism.
Proof. We observe that ¢ is bijective and
poq=f.
Hence, by Lemma 7.21, ¢ is continuous. Since
plof=gq

again, by Lemma 7.21, ¢! is continuous. [

Example 7.23 Let X = [0, 1] be with usual topology, and let
Y ={0,1}U{z:0<z<1}.
Define f : X — Y be defined by

() :{ {0,1} if € {0,1},

T if 0<z<l.

Then f is a surjective function and it induces the quotient topology on Y. The
quotient space Y is homeomorphic with the circle with usual topology. O
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Example 7.24 Let X = [0, 1] be with usual topology. Consider the relation
~on X as
r~y < x=yor {z,y} ={0,1}.

This relation induces the quotient topology on X/ ~, which is homeomorphic
with unit circle with usual topology. O

Example 7.25 Let X = [0,1] x [0,1] be with usual topology. Consider the
relation ~ on X as

(z,y) ~ (&) = (z,y) = (&) or (z,9) = (a,9) & (,y)) = (b,y).

This relation induces the quotient topology on X/ ~, which is homeomorphic
with a cylinder

{(z,y,2) ER*:a? +9y* =1,0< 2 <1}

with usual topology. O

Example 7.26 Let X = [0, 1] x [0,1] be with usual topology. Consider the
relation ~ on X as

(z,y) ~ (2,y) <= (2,9) = (@,y) or (z,y) = (a,y) & (2',¢)) = (b,1 —y).

This relation induces the quotient topology on X/ ~, which is homeomorphic
with a Mobius strip. O

Example 7.27 Consider the cylinder
{(z,y,2) ER*: 2+ =1,0< 2 < 1}
with usual topology. Consider the relation ~ on X as (z,y,2) ~ (2/,¢/, ) iff
(z,y,2) = (2., ) or (z,y) = (2/,%) with 2* + 7 = land z € {0, 1}.

This relation induces the quotient topology on X/ ~, which is homeomorphic
with a doughnut. O






Chapter 8

Separation Axioms and Related Theorems

In our previous study of topological spaces, we observed that the Hausdorff
property provides a fundamental baseline for geometric intuition. By ensur-
ing that distinct points can be separated by disjoint open sets, the Hausdorff
condition guarantees the uniqueness of limits for convergent sequences and
closely mirrors the behavior of familiar metric spaces. However, the founda-
tional fabric of topology allows for a much richer spectrum of isolation. A
natural structural question arises when we expand our focus from individual
points to broader topological configurations: What happens when we attempt
to separate a point from a closed set (not containing it), or two entirely disjoint
closed sets? In this chapter, we shall discuss how the hierarchy of separation
axioms formally classifies these degrees of geometric isolation.

8.1 Separation axioms

Recall that, in a Hausdorff space, any two distinct points can be separated
by disjoint open sets, that is, if x and y are distinct points in a Hausdorff space
X, then there exist disjoint open sets U and V' containing x and y, respectively.

We also know the following (see Theorem 6.9):
Theorem 8.1 Let X be a Hausdorff space.

(i) If z € X and K C X is compact such that x ¢ K, then there exist
disjoint open sets U and V' containing x and K, respectively.

(ii) If Ky and Ky are disjoint compact sets in X, then there exist disjoint
open sets U and V' containing K; and K, respectively.

There are topological spaces with weaker assumptions of separation and
also stronger assumptions of separation.

Definition 8.2 Let X be a topological space. Then X is said to be a

1. Ty-space if for every pair (z,y) of distinct points in X, there exists an

99
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open set GG which contains at least one of x and y which does not contain
the other point;

2. Ty-space if for every pair (z,y) of distinct points in X, there exist open
sets U and V containing x and y, respectively, such that x ¢ V and

y ¢ U;
3. Ty-space if it is a Hausdorff space;

4. regular space if for every z € X and a closed set F' in X which does
not contain x, there exist disjoint open sets U and V' containing x and
F', respectively;

5. Ts-space if it is regular and 77;

6. normal space if for every pair (F, F») of disjoint closed sets, there exist
disjoint open sets U and V' containing F} and Fj, respectively;

7. Ty-space if it is normal and T7. O

Theorem 8.3 Let X be a topological space. Then X is a Ti-space iff every
singleton set in X is closed.

Proof. Suppose X is a Ti-space. Then, for every y € X \ {2}, there exists
an open neighbourhood G of y such that G C X \ {z}. Hence, X \ {z} is open.

Conversely, suppose every singleton set is closed. Then X'\ {z} and X \ {y}
arey € X \ {z} and x ¢ X \ {z}. O

We observe:

L] T4 — T3 — T2 — T1 — TO .

e Suppose that X is a topological space which is not a Ty-space. Then there
exist disjoint points x,y in X such that every sequence which converges
to z will also converge to y.

e Every compact Hausdorft space is T}.

Remark 8.4 Let S be a family of subsets of a set X. In the following, we say
that two disjoint subsets A and B be can be separated by sets from S, if
there exist disjoint sets S, Sp € S such that A C S, and B C Sg. O

Example 8.5 Every metric space is Tj. %
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Example 8.6 Let X = R with the topology T = {@}U{R}U{(a, ) : a € R}.
1. T is Ty, but not T;: For distinct z,y € X, let © < y. Then z ¢ (y, ).

2. Normal, but not regular: One of any two disjoint closed sets is &,
and hence @ and R are the disjoint open sets separating any two disjoint
closed sets. It is not regular, because, R is the only open set which
contains a nonempty closed set. O

Example 8.7 (7j, regular, normal, but not 77) An indiscrete space con-
taining atleast two points is Tj, regular and normal, but not a Tj-space. O

Example 8.8 (73, not regular) Let X = R, and let 7, be the usual topology
on R. Let Ey = {1/n: n € N}, and let 7 be the topology generated by T, and
R\ Ey. Then T is Ty, as 7T, itself is Ty, but T is not regular, since 0 and E
cannot be separated by disjoint open sets in 7. Since {0} is a closed set, T is
not normal as well. O

Theorem 8.9 Fvery metric space is Ty.

Proof. Let (X, d) be a metric space and let T, be the associated topology.
Let A and B be disjoint closed sets in X. Let
f(z) = dist (z, A) — dist (x, B).
Then f: X — R is continuous with

[ —dist(z,B), =€ A,
fla) = { dist (z, A), x € B.

Then A and B are contained in the disjoint open sets f~!(—o0,0) and
1740, 0), respectively. [

e Every metric space is T}, for k € {0,1,2,3,4}.

Here is another characterization of Hausdorft spaces .

Theorem 8.10 A topological space X is Hausdorff, that is, Ty, iff its diagonal
set A= {(x,z) :x € X} is closed in X x X.

Proof. Let X be Hausdorff. Let (z,y) € X x X \ A. Then x # y so that
there exist disjoint open sets U and V' containing x and y, respectively. Since
UNV =@, wehave U x V C X x X\ A. This shows that X x X \ A is open.

Conversely suppose that X x X \ A is open. Let (z,y) € X x X such that
x #y. Since X x X \ A is open, there exist disjoint open sets U and V in X
such that (z,y) € U x V C X x X \ A. Thus, U and V are disjoint open sets
containing x and y, respectively. [
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Theorem 8.11 Let X be a topological space.

1. X is regular iff for every x € X and for every open set U containing x,
there exists an open set V' such that x € V CV C U.

2. X is normal iff for every closed set F' and for every open set U containing
F, there exists an open set V such that F CV CV CU.

Theorem 8.12 Let X be a topological space. Suppose for every closed set
F C X and a point x € F, there exist a function f : X — [0,1] such that

flx)=1, f(yy=0 VyekF

Then X is a reqular space.

Proof. Since [0, 1] is Hausdorff, there exist disjoint open sets U and V' in
[0, ,1] containing 1 and 0, respectively. Hence, f~}(U) and f~(V) are disjoint
open sets in X containing  and F, respectively. [J

Definition 8.13 A topological space X is said to be a completely regular
space if for every closed set F' and a point x ¢ F', there exists a continuous
function f : X — R such that

f(z)=1 and f(y)=0 VyeF.

A completely regular space which is also T} is called a Tychonoff space. A
completely regular space which is also Hausdorft is called a 75 1-space. O

It can be shown that
T4 — Tg% — T3 — Tg — Tl,

and the reverse implications need not hold.

8.2 Urysohn’s lemma and Tietz extension theorem

First let us give a sufficient condition for normality of a space in terms of
continuous functions.

Theorem 8.14 Let X be a topological space. Suppose for every pair of disjoint
closed sets A and B, there exist a continuous function f : X — [0,1] such that

flx)=1 Ve A f(yy=0 VyeF.

Then X is a normal space.
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Proof. Since [0, 1] is Hausdorff, there exist disjoint open sets U and V' in
[0, ,1] containing 1 and 0, respectively. Hence, f~'(U) and f~!(V) are disjoint
open sets in X containing A and B, respectively. [

The converse of the above theorem is also true. The combined result is the
so called Urysohn’s lemma.

Theorem 8.15 (Urysohn’s lemma) A topological space X is normal iff for
every pair of disjoint closed sets A and B, there exist a continuous function
f:X —1[0,1] such that

flz)=1 VeeA and f(y)=0 VyeF.

Remark 8.16 Urysohn’s lemma shows that complete regularity does not im-
ply regularity. O

Recall from pasting lemma (Theorem (4.27) that if X, is a subspace of a
topological space such that Xj is open and closed, then for every topological
space Y, every continuous function fy : Xg — Y has a continuous extension
to all of X.

If X is a normal space, then we have the conclusion in the pasting lemma
for Y = [0, 1], requiring X, to be only a closed set.

Theorem 8.17 (Tietz extension theorem) Let X be a normal space. Then
for every closed set Xo C X and for every continuous function fo : Xo — [0, 1],
there exists a continuous function f : X — [0,1] such that f(z) = fo(x) for
all x € Xy.






Chapter 9

Problems

This chapter provides a comprehensive set of practice problems divided into
six structured problem sheets. While the preceding text introduces the core
theoretical frameworks and formulas, it deliberately leaves the deep practi-
cal execution to you. Mastering these concepts requires moving past passive
reading and engaging in rigorous, independent problem-solving.

9.1

Problem sheet 1

Let (X,7) be a topological space. If A; € T for i = 1,...n for some
n € N, then (), A; € T. Deduce that finite union of closed sets is
closed.

. Let X be a topological space and A C X. Then A is open in X iff for

every x € A, there exists an open set GG such that x € G C A.

. Let X be a metric space with metric d. Then

T:={AC X :VazeA Ir>0such that By(z,r) C A}
is a topology on X (called the metric topology on X).

Let (X,d) be a metric space. Then a subset A of X is open iff A is a
union of open balls in X.

Show that the a topology on a nonempty set X is the discrete topology
iff every singleton subset of X is open and, in that case, the topology is
induced by the discrete metric on X, namely, the metric d defined by

|0 itx=uy,
d(m,y)—{ 1 ifx#y.

. If X is any nonempty set, then 7 := 2%, the collection of all subsets of

X, is a topology on X (called the discrete topology on X).
With respect to this topology, every subset of X is open and closed.

105
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10.

11.

12.

13.

14.

15.

16.

17.

18.

Problems

If X is any nonempty set, then 7 := {&, X'} is a topology on X, called
the indiscrete topology on X.

With respect to this topology, a proper nonempty subset of X is neither
open or closed.

Show that the indiscrete topology on a nonempty set X is induced by a
metric iff X is singleton, and in that case this topology is the discrete
topology.

. The indiscrete topology on a nonempty set X is Hausdorff iff #(X) =1,

and in that case the topology is the discrete topology.

The indiscrete topology on a nonempty set X is induced by a metric iff
X is singleton, and in that case this topology is the discrete topology.

If X is any nonempty set and 7T is a collection of subsets of X consisting
of @, X and those A C X such that A€ is finite, then 7 is a topology on
X (called the co-finite topology on X.)

If X is an infinite set, then this topology is not Hausdorff.

The co-finite topology on a nonempty set X is induced by a metric iff
X is a finite set, and in that case this topology is the discrete topology.

The co-finite topology on a nonempty set X is Hausdorff iff X is a finite
set, and in that case the topology is the discrete topology.

If X is any nonempty set and 7T is a collection of subsets of X consisting
of @, X and those A C X such that A¢ is countable, then 7 is a topology
on X (called the co-countable topology on X.)

If X is an uncountable set, then this topology is not Hausdorff.

The co-countable topology on a nonempty set X is induced by a metric
iff X is a countable set, and in that case this topology is the discrete
topology.

The co-countable topology on a nonempty set X is Hausdorff iff X is a
countable set, and in that case the topology is the discrete topology.

Let T be the collection of all subsets of R such that A € T iff for every
x € A, there exists r > 0 such that [z, x+r) C A. Then T is a topology
on R (called the lower limit topology on R.)

Let T be the collection of all subsets of R such that A € T iff for every
x € A, there exists r > 0 such that (x —r,z] C A. Then T is a topology
on R (called the upper limit topology on R.)
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20.

21.

22.
23.

24.
25.
26.

Problem sheet 2 107

Let R be with the topology induced by the usual metric. Then [0, 1) is
neither open nor closed, and the sets @ and R are both open and closed.

Consider the metrics di, ds, doo on R? defined by

di(z,y) = |x1— |+ |z — vl
do(z,y) = (|l —pl* + |22 — )2,
doo(w,y) = max{|zy — 1|, |22 — y2|},

respectively, for 2,y € R2. The topologies induced by dy, ds, ds are the
same.

For = (x1,22) and y = (y1, ) in R2, define p(z,y) = |v; —v1], and for
z € X and r > 0, let By(x,r) := {u € R*: p(z,u) < r}. Then

T :={ACR?:Vz € R? Ir > 0 such that B,(x,r) C A}
is a topology on R?, which is not Hausdorff.
In a topological space, limit of a convergent sequence need not be unique.

In a discrete topological space every convergent sequence is eventually
constant.

In Hausdorff space, limit of every convergent sequence is unique.
Lower limit topology and upper limit topology on R are Hausdorff.

The sequence (—1/n) in R does not converge to any point with respect
to the lower limit topology on R.

9.2

Problem sheet 2

. Let X be a nonempty set and let d and p be metrics on X. Suppose

that for every x € X and for every r > 0, there exists s > 0 satisfying
B,(z,s) C By(z,r). Show that 7; is weaker than 7,.

. Let d and p be metrics on a set X.

(a) If there exists ¢; > 0 such that d(z,y) < c1p(x,y) for all z,y € X,
then 7y is weaker than 7,.

(b) If d and p are equivalent, that is, there exist ¢; > 0 and ¢, > 0 such
that cop(z,y) < d(z,y) < cip(x,y) for all z,y € X, then Ty =T,.
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10.

11.

Problems

. Let 71 and 73 be topologies on a nonempty set X such that 7; is weaker

than 7s.

(a) If (z,) is a sequence in X such that x,, — = with respect to Tz, then
x, — x with respect to 7;.
(b) If 77 is strictly weaker than 75, then converse of (a) is not true.

On a set X, the discrete topology is the strongest topology, and the
indiscrete topology is the weakest topology.

. If 77 and 75 are topologies on a set X, then 7; N7; is also a topology on

X, which is weaker than 7; and 7s.

- If {7, : @ € A} is a family of all topologies on a set X, then (., 7o is

a topology on X which is weaker than 7, for every a € A.

Let S be a collection of subsets of X. Then the intersection of all topolo-
gies on X, each containing S, is a topology on X, and it is the weakest
topology containing S.

. Let S be the collection of all open intervals of the form (a,b) with a < b.

Then any topology containing S contains the usual topology. In partic-
ular, the topology generated by & is the usual topology on R.

. For z = (21, 22) € R? and r > 0, let

B.(z) ={y = (y1,92) : |lz1 — | <7}

Let T be a collection of subsets of R? such that A € T iff for every
x € A, there exists r > 0 such that B,.(z) C A. Then

(a) T is a topology on R?;
(b) T is weaker than the usual topology, that is, the Euclidian topology;
(c¢) T is not Hausdorff.
Let ¢ : R? — R be defined by
o(x) =21, x=(11,19) € X.
Then Ty := {¢"'(G) : G open in R} is a topology on R? which is the
same topology 7 in Problem 9.

Let X = C|a, b], the space of all continuous real valued functions defined
on [a,b]. Let ty € [a,b]. For x € X and r > 0, let

B.(z) :={y € Cla,b] : |y(to) — x(to)| <}

Let 7 be a family of subsets of X such that A € 7Ty iff for every z € A,
there exists r > 0 such that B,(z) C A. Then
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(a) T is a topology on Cla, bl;
(b) T is weaker than the topology induced by the sup-metric;
(¢) T is not Hausdorff;

)

(d) For a sequence (z,) in X, z,, — « with respect to this topology T

12. Let X = Cla, b, the space of all continuous real valued functions defined
on [a,b]. For ty € [a,b], let T := {¢» (@) : G open in R}. Then 7Ty is a
topology on Cla, b], which is same as the topology 7 in Problem 11.

13. Let X be a nonempty set and p : X x X — R be a pseudp-metric! on
X, that is,

(i) p(r,y) >0 Va,yeX,

(ii) p(z,y) = ply,z) Vaz,y€X,
(il)) p(z,y) < p(z,2) +p(z,y) Va,y,z € X.

(Note that a pseudo-metric is a metric iff for z,y € X, p(z,y) =0 =
r=y.) Forz € X and r > 0, let B,(x) :={y € X : p(x,y) < r}. Then

(a) T:={AC X : forevery z € A, B.(z) C A} is a topology on X;
(b) T is Hausdorff iff p is a metric.

(Hint: If p is not a metric, then there exists x # y such that p(z,y) =0,
so that for every r > 0, y € B,(z).)

14. If X is with discrete topology, then for any A C X, A° = A = A.

15. If A is a subset of a topological space, then

ACACA=AUA = AUIA = A°UDA.

16. Let X be a topological space and A C X. Then

(a) A°=J{G:G C A, G openin X}.
(b) A={F:F2A, F closed in X}.

17. If Y is open in X, then a subset A of Y is open in Y iff A is open in X.

!Eveery metric is a pseudo-metric, but the converse is not true. For example:

(i) The map p : R? x R? — R defined by p(z,y) = |x1 — y1| for z,y € R? defines a
psedo-metric which is not a metric.

(ii) For ¢y € [a,b], the map p : C[a,b] X Cla,b] — R defined by p(z,y) = |x(to) — y(to)|
for z,y € Cla, b] defines a psedo-metric which is not a metric.
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18.

19.

20.

21.

22.

23.

Problems

If Y is closed in X, then a subset A of Y is closed in Y iff A is closed in
X.

Let X be a topological space and Y C X.

(a) Every open set in Y is open in X iff Y is open in X.

(b) An open set in Y can be open in X, without Y being open in X,
as the following example shows.

(c) Every subset of Y which is open in X is open in Y as well.

Let X be a topological space and Y C X. Then, every closed set in Y is
closed in X iff Y is closed in X.

Let X be a topological space, Y is open in X and A C Y C X. Show
that A is open in Y iff A is open X.

Let X = R be with usual topology and Y = [0, 1].

(a) [0,1] and [0,1/2) are open in Y but not open in X.
(b) (0,1) is open in Y and open in X.

Every finite set in a Hausdorff space is closed.

9.3

Problem sheet 3

. Let S be the collection of all intervals of the form (a,c0) and (—o0,b).

Then § is a sub-base for the usual topology on R.

. Let B be the collection of all open intervals of the form (a, b) with a < b.

Then B is a base for the usual topology on R.

. Let B be the collection of all intervals of the form [a, b) with @ < b. Then

B is a base for the lower limit topology on R.

. Let B be the collection of all intervals of the form (a, b] with a < b. Then

B is a base for the lower limit topology on R.

. Let X = {a,b,c}. Find a topology on X for which B := {&, {a,b}, X'}

is a base.

. Every base is a sub-base. The converse is not true.

The topology itself is a base and sub-base.
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. If X is a metric space with metric d, then the collection of all open balls

in X is a base for 7;.

. The space R* with usual topology is second countable.
10.
11.

A discrete space X is second countable iff X is a countable set.
The discrete topology on R\ Q is not seperable.

Let £°° be the set of all bounded sequences of real numbers and let
d: 0> x (* — R be defined by

d(z,y) =sup |z, — Y|, == (z,),y= (yn) € L.

neN
Then d is a metric on £*° and the metric space (£, d) is not separable.

For a given k € N, let X be the set of all polynomials with rational
coefficients. Let

d(p,q) = sup |p(t) —q(t)], p,q€ X
0<t<1

Then d is a metric on Xy, and (Xj, d) is a separable space.
Let X be the set of all polynomials with real coefficients. Let
d(p,q) = sup [p(t) —q(t)], p,qeX.
0<t<1
Then d is a metric on X, and (X, d) is a separable space.

Let X : C([0,1],R), the set of all continuous functions on [0, 1] with real
coefficients. Let

d(f,9) = sup [f(t) =g()|, [fgeX

0<t<1

Then d is a metric on X, and (X, d) is a separable space.

(Hint: Use Weierstrass approximation theorem, which states that every
continuous function defined on a closed and bounded interval is a uniform
limit of a sequence of polynomials.)

Let (X,d) be a separable metric space. Then every subspace of X is
separable.

The lower limit topology on R is first countable.
The co-countable topology on an uncountable space is not first countable
The co-finite topology on an infinite set is not first countable.

Let X be a topological space and A C A. If (z,,) is a sequence in A such
that z, — z for some x € X, then x € A. But, its converse need not be
true.
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9.4

Problem sheet 4

. If X is a discrete space and Y is any topological space, then every func-

tion f: X — Y is continuous.

. Every continuous function is sequentially continuous; but its converse

need not be true.

. If X and Y are metrizable spaces, then a function f : X — Y is contin-

uous iff it is sequentially continuous.

Let X be a co-countable topological space and Y be any topological
space. Then every function f : X — Y is sequentially continuous.

. Let X and Y be topological spaces, and f : X — Y be a bijective

function. Then f : X — Y is a homeomorphism iff 7! : ¥ — X is a
homeomorphism

. Let X be the family of all topological spaces. On X', define the relation

~ deefined by

X ~Y <= X is homeomorphic with Y
is an equivalence relation (Reflexive, symmetric and transitive).
With usual topology on the following intervals, prove the following:

(a) (avb) ~ (CL, OO) ~ (—OO, OO) ~ (—OO,CL) ~ (CL, OO) ~ (—OO,CL).
(b) (a,b] ~ [a,b) ~ [0,00) ~ (=00, a].
(c) (a,b) #[a,b], (a,b) #[a,b), [a,b] o [a,b), (a,b) % [a,00).

. Let X be a topological space and Y be a subset of X with subspace

topology Ty. Then the inclusion map f : Y — X, defined by f(u) =
u, u €Y, is

(a) open iff Y is open in X;
(b) closed iff Y is closed in X.

. Let R and R? be with usual topologies. Show that the map f : R — R?

defined by
f(z) = (2,0), zeR,

is a closed map, but not an open map.
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10. Let X and Y be topological spaces, and f : X — Y be a bijective

continuous function. Then the following are equivalent:
(a) f is a homeomorphism.
(b) f is an open map.

(c) fis a closed map.

11. Find examples for the following:

(a) An open map which is not a closed map.
(b) A closed map which is not an open map.

(¢) A function which is both open and closed but not a homeomor-
phism.

(d) A function which is continuous, open and closed but not a homeo-
morphism.

12. Verify the following.

(a) A subset of a discrete space is connected iff it is a singleton set
(Exercise).

(b) If X is an uncountable set with co-countable topology, then X is
connected.

(c) If X is an infinite set with co-finite topology, then X is connected.

9.5

Problem sheet 5

. Let X be a topological space and £ C Xy C X. Then F is a connected

subset of X, iff E is a connected subset of X.

. If By, Ey,..., E, are connected subsets of a topological space X such

that £,_y N E; # @ for i =1,...,n, then | J;_, E; is connected.

Suppose X is a disconnected topological space and (A, B) is a separation
of X. If F is a connected subset of X, then either E C A or £ C B.

Let X be a topological space. Then X is connected iff every pair of points
in X is contained in a connected subset of X.

. Suppose (E,) is a sequence of connected subsets of a topological space

X such that E,, N B, # @ for every n € N. Then |J~ | E,, connected.
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10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

Problems

(Intermediate value theorem) Let X be a connected topological space
and let f : X — R be a continuous function (with usual topology on R).
Suppose z1, x5 € X be such that f(z1) < f(x2). Then, for every v € R
such that

fwr) <y < f(aa),

there exists © € X such that f(z) = 7.

From the last theorem, deduce the following: Let f : [a,b] — R be a
continuous function and f(a) < f(b). If v € R is such that f(a) < v <
f(b), then show that there exists = € [a, b] such that f(z) =~.

Closure of a connected subset is connected.

Suppose A is a connected subset of a topological space X and B C X is
such that A C B C A. Then B is connected.

A topological space is disconnected iff there exists a continuous function
from X onto a two-point set with discrete topology.

Every discrete space is totally disconnected.

The topological spaces Q and R\ Q are totally disconnected with respect
to the induced usual topology.

Let X be a topological space and x,y, z € X. If there is a path from x
to y and a path from y to z, then there is a path from z to z.

Let =,y be in a topological space X. If f : [a,b] — X is a continuous
function such that f(a) = z and f(b) = y, then for any closed interval
[c, d], there is a continuous function ¢ : [¢,d] — X such that g(c) = x
and g(d) = y.

A topological space X is path connected iff for every z,y € X, there
exists a continuous function ¢ : [0,1] — X such that ¢(0) = z and

p(1) =y.
Every path connected space is connected.

Let A and B be path connected subsets of a topological space such that
AN B # @. Then AU B is path connected in X.

Let {E, : o € A} be a family of path connected subsets of a topological
space X such that () .y Eo # @. Then E := (J,c, L. is path connected.

Let Ey, F4, ..., E, be path connected subsets of a topological space X
such that F; 1 N E; # @ for ¢ € {1,...,n}. Then |J;_, E; is path con-
nected.
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20. Let (F,) be a sequence of path connected subsets of a topological space
X such that E, N E,41 # @ for every n € N. Then |J;°, E; is path
connected.

9.6 Problem sheet 6
1. Justify the following statements:

(a) Every finite subset of a topological space is compact.
(b) The set Z is not compact in R with respect to the usual topology.

(¢) With respect to the usual topology on R, the set E = {1/n : n € N}
is not compact, whereas the set U {0} is compact.

(d) With respect to the usual topology on R, every open interval is
non-compact.

2. Justify the following statements:

(a) In every indiscrete space with more than one elements, singleton
sets are compact, but not closed.

(b) On the set X = {a,b,c}, consider the topology 7T =
{@,{a},{a,b,c}}. We observe that the set {b} is compact, but not
closed.

(c¢) On the set R, consider the topology 7 := {(a,o0) : a € R}U{&,R}.
With respect to this topology, singleton sets are compact, but not
closed.

(d) For x = (w1, 22) € R* adn r > 0, let
B (z) = {(y1,y2) € R* : |22 — 4| < 1}

Let 7 be the family of all subsets A of R? such that, for every z € A,
there exists r > 0 such that B,(z) C A. Then, T is a topology on R?
(Verify). With respect to this topology, singleton sets are compact,
but they are not closed.

3. Let X be a Hausdorff space, K be a compact set and x € X such that
x ¢ K. Show that there exist disjoint open sets containing x and K,
respectively.

4. If K7 and K are two disjoint compact sets in a Hausdorff space X, then
there exist disjoint open sets containing K and K5, respectively.
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5. Using the compactness of [a, b] with respect to usual metric, deduce that
every closed and bounded subset of R is compact.

6. Verify the following:

(a) Every compact space is locally compact.
(b) Every discrete space is locally compact.

(c) With respect to the usual topology, the spaces R, Z, N are locally
compact, but not compact.

(d) With respect to the usual topology, every nonempty open subset of
R™ is locally compact, but not compact. %

(e) The subspaces Q and R\ Q of R (with respect to the usual topology)
are not locally compact.

7. What is the one-point compactification of the open interval (0, 1) with
respect to the usual topology? Why?

8. Let X; and X, be topological spaces and X = X; x Xs. Verify the
following:

(a) U :={Vi x Vo : Vi openin X; and V; open in X5} is closed under
finite intersections,

(b) Let 7 be the topology on X for which U is a base. Then the func-
tions m; : X — X7 and m : X — X defined by

m(z1,0) = 21, mo(x1, 1) =29 for (x1,29) € X,

are continuous and surjective,

(¢) S:={Vi x X5 : Vi openin X;} U{X; x V5 : V5 open in X5} is a
sub-base for the topology T.

9. Let X4,..., X, be non-empty topological spaces and X be their cartesian
product, and for each ¢ = 1,...,n, let m; : X — X, be defined by

mi(r) =, xi=(21,...,2,) € X.

Show that the product topology on X is the weakest topology on X such
that m,...m, are continuous.

10. Let X be a topological space, Y be a set, and f : X — Y. Verify the
following.

(a) Ty ={ACY : f}(A) open in X} is a topology on Y,



11.

12.

13.

14.

15.

Problem sheet 6 117

(b) f: X — Y is continuous (with respect to the topolgy Ty on Y),
(c) Ty is the strongest topology on Y such that f is continuous.

Give examples to show that a quotient map need not be open or closed.

Let X and Y be topological space and f : X — Y be a quotient map.
Let ~ be the equivalence relation on X induced by f, i.e.,

r~u = fr) = f(u).

Consider the quotient space X/ ~ induced by the canonical map ¢ :
X — X/ ~ defined by

Show that Y is homeomorphic with X/ ~.
Let X be a set, Y be a topological space, and f: X — Y. Then

(a) Tx = {f'(GQ) : G open in Y} is a topology on X,
(b) f: X — Y is continuous (with respect to the topology Tx on X),
(c) Tx is the weakest topology on X such that f is continuous.

Let X be a nonempty set, {(Ya,7.) : @ € A} be a family of topological
spaces, and f, : X — Y, for & € A. Then the topology generated by

S={f(Ga) : Ga € To, a € A}
is the weakest topology on X such that each f, is continuous.

Let {(Xa,7a) @ @ € A} be a family of topological spaces, Y be a
nonempty set and f, : X, — Y for a € A. Then

T ={ACY:f 1A €T, forall a € X}

is a topology on Y, and it is the strongest topology on Y such that each
fa is continuous.
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Chapter 11

Appendix: Elements of Set Theory

Set theory is the grammar of mathematics. Just as structural grammar pro-
vides the rules to build meaningful sentences, set theory provides the structural
foundation to build rigorous mathematical thoughts. It is almost impossible
to master a modern subject such as topology without a basic knowledge of set
operations, relations, and functions. Every advanced mathematical concept is
built using the language of sets. This chapter introduces these essential tools,
establishing the foundational vocabulary you will need to navigate the abstract
landscapes of modern mathematics.

11.1 Union, intersection, and complements

Let S be a set and A and B are subsets of S. Then the union of A and B
and the intersection of A and B are the sets

AUB:={zeS:zc€Aorxe B}, AnNB:={rxeS:z€ Aandzc B},
respectively. More generally, let
A:={A,:a €A}

be an indexed family of subsets of S, where A is called an index set. Then
the union and intersection of all members of A are the sets

UAa::{:EES:a:EAaforsomeozeA},

aeA

() Ae:={zeS:aecA,foral acA}

a€A
respectively. For sets A and B, the set A\ B is defined as

{re Az ¢ B}.

If AC S, then S\ A is called the complement of A in S. If the set S is
understood from the context and A C S, then S\ A is also denoted by A°.

121
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The following equalities, called De Morgan’s laws,
(Ua) - (DAY -Us
ach aeA a€A act
hold, where for A C .S, A° denotes the set
S\A:={zeS:z¢gA}
Indeed,

xG(UAa)C = r¢|JA = 27 A VaeA <= e ()4

aEA aEA aEA

and

mE(ﬂAj>c = ¢ ﬂAa < z € A, for some a € A <= UAg
aEA a€A acd

Also, for A C S,

an(Ua)=UmUna), av(N4a.)=NAuAa),

aEN acN a€el acA

11.2 Cartesian product, relation and function

Given sets A and B, the Cartesian product of A and B is the set
Ax B :={(z,y) :x € Aand y € B}.

where (z,y) is called an ordered pair, in the sense that (x,y) and (2/,y) are
equal, and write (z,y) = (¢/,y) iff t = 2" and y = v/
Analogously, Cartesian product of any finite number of sets Ay,..., A, is

defined as
Ay x oo x Ay ={(z1,...,2,) 1 x; € A forall je{1,...,n}},

where (z1,...,2,) is an ordered n-tuples in the sense that (zi,...,z,) =
(zy,...,2,) iff 7y =2 for all j € {1,...,n}.

Any subset of A x B is called a relation from A to B. If R is a relation
from A to B, that is R C A x B and if (z,y) € R, the we write xRy. The set

D(R):={zx € A:(x,y) € R for some y € B}
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is called the domain of R and the set
R(R):={ye€ A:(z,y) € R for some z € A}

is called the range of R.

A relation R from A to B is called a function if the domain of R is A and
for each z in the domain of R, there is one and only one y in the range of R
such that (z,y) € R. In other words, R is a function iff D(R) = A and

(x,y1) € Rand (z,y2) € R = 1y = o

If R is a function from A to B, then we write R : A — B, and we say that B
is the co-domain, and if (z,y) € R, then we write

y = R(x).
Thus,
R(R) ={R(z):x € A}.
The collection of all functions from A to B is denoted by B.

Given a nonempty set S, a sequence in S is a function from N to S. Thus,
SN denotes the the set of all sequences in S.

A function f: A — B is said to be one-one or injective if
X1,To € A with x; 7’é Lo — f(QTl) 7’é f([L’Q),

and it is said to be onto or surjective if its range is B. A function which is
one and onto is said to be a bijctive function. Sets A and B are said to be
in one-one correspondence if there is a bijection ¢ : A — B, and in that
case, there is a bijection v : B — A such that

Yip(r) =2, w(y) =y VzeA yeB.

The function 1 (respectively, @) is called the inverse of ¢ (respectively, ¥).
Now, let f: A — B and let A C A and By C B. Then we write

f(Ao) = {f(x) : v € Ao},

f_1<B0) = {33 € A: f(l’) € Bo}
If {A;:j e J}is an indexed family of subsets of A and {B, : j € J} is an
indexed family of subsets of B, then it can be seen that

f(UAj> =J 14, f_1<UBj> =Jr sy,
jeJ jeJ jeJ

jeJ

f_1<ﬂ3j) =By, f(ﬂf‘h‘) <) f(4).

jeJ jeJ jeJ jeJ
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11.3 Cartesian product as family of functions

Given sets A and B, let S is the set of all functions ¢ : {1,2} - AUB
such that ¢(1) € A and ¢(2) € B, and let F : § — A x B be defined by

F(p) = (p(1),0(2), ¢€S.

Then F is one-one and onto: Clearly, if ¢, € S such that F(¢) = F(¢), then
we have (¢(1),(2)) = (¥(1),4(2)) so that (1) = (1) and ©(2) = ¥(2).
Hence, ¢ = 1. Thus, F is one-one. Also, if (x,y) € A x B, then we may define
v :{1,2} - AUB by (1) = z and ¢(2) = y, so that ¢ € S and F(¢) = (z,y).

In view of the above, we may consider A x B as the set of all functions
from ¢ : {1,2} — AU B such that ¢(1) € A and ¢(2) € B.

Analogously, given any nonempty index set A and a family {4, : @ € A}
of nonempty sets, we may define the Cartesian product

11 4.
aEN

as the set of all functions ¢ : A — (J,c, Aa such that ¢(3) € Ag for all 8 € A.
Elements of [, ., Ao are denoted by (z4)aca With z, € A, for a € A.

11.4 Axiom of choice and Zorn’s lemma

An important question in the context of the Cartesian product of an arbi-
trary family of sets is that whether [] ., Ao is a nonempty set when every A,
is nonempty. The answer is given by an axiom in set theory, called the axiom
of choice.

Axiom of choice: Given a nonempty index set A and a family {A, : « € A} of
nonempty sets, there exists a function ¢ : A — |J, ., Aa such that ¢(8) € Ag
for all g € A.

It is known that axiom of choice is equivalent to another statement in set
theory, known as Zorn’s lemmoa:

aeA

Zorn’s lemma: Let (S, <) be a partially ordered set. If every totally ordered
subset of of S has an upper bound, then the partially ordered set has a maximal
element.

Let us define the terminologies used in the above.
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A relation = on a nonempty set S is called a partial order on S if it is
reflexive, anti-symmetric, and transitive, that is,

(i) =z =<z Vze S (reflexive),
(i) = 2y, y 2 x = x =y (antisymmetric),
(iii) = 2y, y X2z = z = z(transitive).

e [f7"C S, then an element b € S is called an upper bound of T"if x < b
forall z € T.

e AsetT C Sis called totally ordered if for every x,y € T, either x <y
ory X .

e An element s € S is called a maximal element if for every z € S,
s = r=2=:.

An illustration: Let S = {re?? : 0 < r < 1,0 < § < 27}. For elements

r =11, y=rye? in S, define

xjy<:>€1:02 & r1 < ro.
Then < is a partial order on S. For each 6 € [0, 27), the set
Ty:={re? . 0<r <1}

is a totally ordered set, and €% is its upper bound. Every element of the form

e is a maximal element of S.

If we define Sy = {re?? : 0 <r < 1,0 < 6 < 27} with the partial order as
above, then the set '
Tyo:={re? . 0<r <1}

is a totally ordered set in Sy which does not have an upper bound, and Sy does
not have a maximal element.

e Zorn’s lemma is used in mathematics at various contexts, for examples,
for showing the existence of a Hamel basis for a vector space and for
proving Hahn-Banach extension thorem.

It is also known that Zorn’s lemma is equivalent to continuum hypothesis.
In order to state continuum hypothesis, we need to recall the definition of a
cardinality of a set.
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11.5 Cardinality and continuum hypothesis

Let A and B be any two arbitrary sets. Then A and B are said to have
the same cardinality if there is a bijection from A to B, and in that case,
we write

#(A) = #(B).

Thus, given sets A and B, #(A) # #(B) iff there is no one-one correspondence
between A and B. For sets A and B, we write

e #(A) < #(B) if there is an injective function from A into B, and
o #(A) < #(B) if #(4) < #(B), but #(A) £ #(B).
If S = @, then we write #(5) = 0 and we denote
#{1,...,n} =n, #N)=X,, #[R)=c.
Let S be a nonempty set.

e S is said to be a finite set if #(S5) = #{1,...,n} for some n € N, and
in that case we write #(S) = n, and say that cardinality of S is n.

e S is said to be a countable set if it is a finite set or if #(5) = N,.

e S is said to be an uncountable set if #(S5) = c.

We note that the function f: (0,1) — (1,00) defined by

flz) = , O<zx<1,

is a bijection. Hence,
#(0,1) = #(1, 00).

It can be shown that #(1,00) = #(R). Mote generally, it is true that if [ is
any interval, then

We also have the following.

Theorem 11.1 The cardinality of the set of all sequences with entries from
{0,1} is c, that is,
#({0,1}") = c.
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This theorem can be established by defining a one-one correspondence be-
tween S and the open interval I := {x € R: 0 < z < 1}, by using the binary
expansions of members of I.

We also observe that:

Theorem 11.2 For any nonempty set S, the set {0,1}° is in one-one corre-
spondence with the family of all subsets of S.

Proof. Let S be the family of all subsets of S. Then we see that the
¢ S — {0,1}* defined by p(A) = x,, the characteristic function of 4, is a
cone-one correspondence. [

e In view of the above theorem, the power set of S, namely, the family
of all subsets of S is denoted by 2°.

Thus, we have shown that

#({0,1}%) = #(2%).
Thus, we have proved that

Theorem 11.3
#(R) = #(2").
We note that
n<Ny<c VneN.
One may ask whether we have 8y < c. This is the case, in view of the following

theorem.

Theorem 11.4 For any nonempty set S, #(S) < #(2%). In particular,
Ry = #(N) < #(2") = c.

Proof. We have to prove that there is an injective function from S to 2°,
but there is no surjective function from S onto 2°.

Clearly, the map x +— {x} is an injective function from S to 2°. Consider
any function ¢ : S — 29, and consider the set

A={z eSS z¢&p)}

Then A € 2°. We show that A € R(). Assume on the contrary that A € R(y),
and let 2y € S such that ¢(zg) = A. Then any one of the following alternatives
must hold:

o € A orelse xy¢& A.
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But, we have
ro €A = 10 ¢&p(r0) =4

and
Zo ¢ A = To € QO(ZE()) =A.

Thus, each of the above two alternatives leads to a contradiction. This shows
that, there is no xy € S such that p(z9) = A. O

For nonempty sets A and B, let us denote #(B%) := (#B)*4, that is, if
we denote o := #(A) and [ := #(B),

#(B%) = 5%,
Thus, for any nonempty set .S, if we denote s := #(.S), we have
5§ < 2%,
and if we write s,, := 2°»~1 with sy = s, then we have
§S:1=80 <81 < S < < Sy < Sppp <o

In particular, taking S = N and denoting cy := Ny, ¢; = ¢, and defining
Cp = 21 we have

Np<c<ep< - <cep<cCppp <---.

Having proved
Ro < ¢ = #(2")

one may ask whether there is a cardinality which is strictly greater than R, and
strictly less than c. The negation of this is the so called continuum hypothesis,
which is, in fact, an axiom in set theory.

Continuum hypothesis: There does not exist a set S such that

Ny < #(S) < cC.

Remark 11.5 It is known that Axiom of choice, Zorn’s lemma, and Con-
tinuum hypothesis are equivalent. However, none of them can be proved or
disproved using the standard rules of set theory! This is a consequence of the
work of Kurt Godel and Paul Cohen in the last century, which is considered
to be the most important work in the foundations of mathematics. O



